THE DOUBLE OF A HOPE MONAD 
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Abstract. The center Z{C) of an autonomous category C is monadic over C 
(if certain coends exist in C). The notion of Hopf monad naturally arises if one 
tries to reconstruct the structure of Z{C) in terms of its monad Z: we show that 
Z is a quasitriangular Hopf monad on C and Z{C) is isomorphic to the braided 
category Z-C of Z- modules. More generally, let T be a Hopf monad on an 
autonomous category C. We construct a Hopf monad Zt on C, the centralizer 
ofT, and a canonical distributive law Q: TZx — ► Zj^T. By Beck's theory, 
this has two consequences. On one hand, Dt = Zt ofj T is a quasitriangular 
Hopf monad on C, called the double of T, and Z(T-C) ~ Dt-C as braided 
categories. As an illustration, we define the double D{A) of a Hopf algebra 
j4 in a braided autonomous category in such a way that the center of the 
category of A- modules is the braided category of D (A)- modules (generalizing 
the Drinfeld double). On the other hand, the canonical distributive law O also 
lifts Zt to a Hopf monad Z^ on T-C, and Z^(l,To) is the coend of T-C. For 
T = Z, this gives an explicit description of the Hopf algebra structure of the 
coend of Z{C) in terms of the structural morphisms of C. Such a description is 
useful in quantum topology, especially when C is a spherical fusion category, 
as Z{C) is then modular. 
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Introduction 



The center Z(C) of an autonomous category C, introduced by Drinfeld, is a 
braided autonomous category. This construction establishes a bridge between the 
non-braided world and the braided world. It is useful, in particular, for comparing 
quantum invariants of 3 manifolds. Indeed, the center Z[C) of spherical fusion 
category C is modular (see Mii03|) and it is conjectured that the Turaev-Viro 
invariant TVc (as revisited in |BW96]) is equal to the Reshetikhin-Turaev invariant 
RTj " 



-Z(C) 



see [Tur94 
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Let C be an autonomous category. If the coend: 

(-Yec 



/I tc 
V ® X (g) y 



exists for all object X of C, then Day and Street |DS07] showed that Z is a monad 
on C and the center 2{C) is isomorphic to the category Z-C of Z- modules in C 
(also called Z- algebras) . By Tannaka reconstruction, we endow the monad Z with 
a quasitriangular Hopf monad structure which reflects the braided autonomous 
structure of Z{C) in the sense that Z{C) ~ Z-C as braided categories. The notion 
of Hopf monad, which generalizes Hopf algebras to the non-braided (and non-linear) 



setting, was introduced in |BV07| for this very purpose. 

The Reshetikhin-Turaev invariant can be expressed in terms of the simple ob- 
jects of the category (as in Reshetikhin and Turaev's original construction) or in 



terms of the coend of the category (following Lyubashenko, see [Lyu95, BV05|). In 
order to compute ^Tz{C)y the first approach is not practicable for lack of a work- 
able description of the simple objects of the center. And so we need to provide an 
explicit description of the coend of Z{C) and its algebraic structure. To fulfill this 
objective, we extend the previous construction of 2' to a more general situation. 
Let T be a Hopf monad on an autonomous category C. We denote T-C the cat- 
egory of T- modules (also called T- algebras), which is autonomous. Assume T is 
centralizable, meaning that the coend: 

Zt{X) = / ''T{Y)®X®Y. 

exists for every object X oiC. We endow Zt with a structure of a Hopf monad on C 
and call Zt the centralizer ofT. In particular, Zi^ — Z as Hopf monads. Note that 
the coend of C is Z{1) = Zi^t), and so the coend of Z(C) is Zi^^^, (1) = Zi^_^{l). 

Using adjunction and exactness properties of Hopf monads, we show that 1t-c 
is centralizable and: 

UtZi^_^ = ZtUt- 

Note that this implies that, as an object of C, the coend of the category T-C is 
Zt{1) and, in particular, the coend of Z(C) = Z-C is Zz{t). Now UtZi^_^ = 
ZtUt means in fact that the Hopf monad Zi^_^ is a lift to T-C of the Hopf 
monad Zt- Extending Beck's theory of distributive laws to Hopf monads, we show 
that such a lift is encoded by an invertible comonoidal distributive law : TZt — > 
ZtT , called the canonical distributive law ofT. The coend of T-C is therefore 
{Zt{1), Zt{To)Qi). When T is quasitriangular, this coend has a structure of a 
Hopf algebra in the braided autonomous category T-C, which we elucidate in terms 
of T. Hence, for T = Z, an explicit description of the coend of Z{C). The case of 
fusion categories is treated in detail. 

The canonical distributive law f2 also endows the composition of Zt and T with 
a Hopf monad structure, denoted Dt = Zt on T and called the double of T. We 
prove that Dt is quasitriangular and give a braided isomorphism: 

Dt-C ~ Z(T-C). 

This construction, which holds for any centralizable Hopf monad on an au- 
tonomous category, generalizes the Drinfeld double in an non-braided setting. As 
an illustration, we apply this to Hopf monads associated with Hopf algebras. This 
leads to the double D{A) of a Hopf algebra A in a braided autonomous category B. 
More precisely, the endofunctor ? g) A is a Hopf monad on B. Assuming B admits 
a coend C, the Hopf monad ? is centralizable, and its centralizer is of the form 
? (g) Z{A), where Z{A) = ^^4 (g C is a Hopf algebra in B. The canonical distributive 
law of ?® A is of the form idi^ g)0, where ft : Z{A)(S)A AiS)Z{A) is a distributive 
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law of Hopf algebras. Then D{A) — A 0si Z{A) is a quasitriangular Hopf algebra 
in B, such that: 

ZiBA) ^ BoiA) ^ D(A)B ^ ZUB). 
as braided categories, where aB and Ba denote the categories of left and right 
modules over A. Note that a Hopf algebra B in S is quasitriangular when it is 
endowed with a R-matrix. In this context, we define R-matrices to be morphisms 
r: C ®C ^ B ® B which encode braidings on (or equivalently bB). When B is 
the category of finite-dimensional vector spaces over a field k, we recover the usual 
definition of R-matrices and the Drinfeld double of a Hopf algebra H. Indeed, in 
that case: C = k, Z{H) = F*™p, and D{H) = H (g>n H*''°p. 

The canonical distributive law of a Hopf monad is in fact naturally defined in a 
more general setting. Let T be a Hopf monad on an autonomous category C and Q 
be a Hopf monad on T-C. Their cross product Q y\T = UtQFt is a Hopf monad 
on C. If Q X r is centralizable, then so is Q and the Hopf monad Zq is a lift to 
T- C of the Hopf monad Zq >^ t ■ 

UtZq = Zq^tUt- 

Hence a canonical distributive law fl: TZgy^x ^ Zq-^tT and a Hopf monad 
Dq^t = Zqy^T Of2 T on C. Moreover, we show: 

Dq^t-Cc^Zq[T-C), 

where Zq{T-C) is the center of T-C relative to Q. When Q = idT-c, we obtain the 
previous results. 

This paper is organized as follows. In Section |^, we review several facts about 
monoidal categories and Hopf algebras in braided categories. Section ^ recalls the 
definition and elementary properties of Hopf monads. Section ^ deals with monoidal 
adjunctions, exactness properties, and cross products of Hopf monads. In Section^, 
we briefiy recall the basic results of Beck's theory of distributive laws and extend 
them to the Hopf monad setting. In Section ^, we define the centralizer Zt of a Hopf 
monad T on C and relate it to the center Zt{C) of C relative to T. In Section ^, we 
define the canonical distributive law of T over Zt and the double Dt = Zt oo T, 
and state their categorical properties. In Section ^ we study the centralizer Zq 
of a Hopf monad Q on T- C and construct the canonical distributive law of T over 
Zq-at- Section ^ is devoted to Hopf monads on a braided category B. In particular, 
we define the double 15(A) of a Hopf algebra A in a braided autonomous category. 
In Section ^ we treat the case of the center of a fusion category. 

1. Preliminaries and notations 

1.1. Categories. Unless otherwise specified, categories are small, and monoidal 
categories are strict. 

If C is a category, we denote Ob(C) the set of objects of C and Homc(X, Y) the 
set of morphisms in C from an object X to an object Y . The identity functor of C 
will be denoted by Ic. We denote C°p the opposite category (where arrows are 
reversed) . 

Let C, V be two categories. Functors from C to 2? are the objects of a cate- 
gory Fun(C,2?). Given two functors F,G: C V, a morphism a: F — > G is a 
family {ax - F{X) — > G(X)}xGOb(C) of morphisms in V satisfying the following 
functoriality condition: ayF^f) = G{f)ax for every morphism f:X ~* Y in C. 
Such a morphism is called a natural transformation. We denote Hom(_F, G) the set 
HomFuN(c,x>)(^j G) of natural transformations from F to G, and idp the identity 
natural transformation of a functor F. 

If C, C are two categories, we denote ac,c' the flip functor CxC C xC defined 
hy {X,X')^{X',X). 
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1.2. Monoidal categories. Let C be monoidal category with monoidal product 
(8>: C X C ^ C and unit object 1. For > 0, we denote (X>n the functor: 

®„ : C" = Cx-yxC C, {Xi, . . . , X„) Xi ® • • • ® X„. 

n times 

Note that (^q is the constant functor equal to 1, ®i — idi^,, and ®2 = (g). 
For a family of functors {Fi : Ai — > C}i<i<„, set: 

Fi ■ • ■ (g) F„ = ®„ o (Fi, • ■ • , F„) : A X • ■ • X A ^ C. 

For a functor F: A ^ C, set: 

F®" = F(g,-y(g>F : A" C. 

n times 

If C is a monoidal category, we denote C'^°p the monoidal category with opposite 
monoidal product (8)°p defined by X ®°p Y = Y iSi X. 

1.3. Monoidal functors. Let (C,(g),l) and (P, 0,1) be two monoidal categories. 
A monoidal functor from C to P is a triple (F, F2, Fq), where F : C V is a functor, 
F2 : F(E)F — > F(E) is a morphism of ftmctors, and Fq: 1 ^ F(l) is a morphism in P, 
such that: 

F2(X,y ® Z)(idF(x) F2iY, Z))^F2{X® Y, Z){F2{X,Y) ® iApi^z)): 
F2(X,l)(idF(jf) ® Fo) = idF(x) =F2(l,X)(Fo«'idF(x)); 

for aU objects X,Y,Z oiC. 

A monoidal functor (F, .Fj, Fq) is said to be strong (resp. strict) if F2 and Fq are 
isomorphisms (resp. identities). 

By a monoidal isomorphism^ we mean a strong monoidal functor which is an 
isomorphism. 

1.4. Monoidal natural transformations. Let F : C ^ T) and G: C — > I? be two 

monoidal functors. A natural transformation (p: F — > G is monoidal if it satisfies: 

ipx®YF2{X, Y) = G2{X, Y){ipx ® ify) and Go = ipiFo. 

1.5. Comonoidal functors. Let (C,®,1) and (P, 0,1) be two monoidal cate- 
gories. A comonoidal functor^ from C to 2? is a triple (F, F2, Fq), where F : C V 
is a functor, F2 : F® ^ F (g) F is a natural transformation, and Fq : F(l) ^ 1 is a 
morphism in P, such that: 

(idf.(x) ® F2{Y, Z))F2{X, Y®Z) = (F2(X, Y) ® idf.(2))F2(X ® F, Z); 
(idj.(jf)(g)Fo)F2(X,l) =idj.(x) = (Fo ®idj.(x))F2(l,X); 

for aU objects X, Y, Z of C. 

It is convenient to denote F3 : F®3 — > F®^ the natural transformation defined by 
F3{X,Y,Z) = iidp^x)(^F2{Y,Z))F2{X,Y(g,Z) = iF2{X,Y)^idF(z))F2iX ^Y, Z). 

A comonoidal functor {F, F2, Fq) is said to be strong (resp. strict) if F2 and Fq 
are isomorphisms (resp. identities). In that case, (F, Fj"^, Fq"^) is a strong (resp. 
strict) monoidal functor. 

1.6. Comonoidal natural transformations. Let F: C ^ V and G: C ^ I? be 

two comonoidal functors. A natural transformation <y9: F ^ G is comonoidal if it 
satisfies: 

G2{X,Y)lpx(^y = {^Px®Vy)F2{X,Y) and Go<y9i = Fq. 



Comonoidal functors are also called opmonoidal functors 
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1.7. Autonomous categories. Recall that a duality in a monoidal category C is a 
quadruple {X, Y, e, d), where X, Y are objects oi C, e: X <S:Y ^ 1 (the evaluation) 
and d: 1 Y ^ X (the coevaluation) are morphisms in C, such that: 

(e idx){idx d) = idx and (idy ® e)((i (8) idy) = idy. 

Then {X, e,d) is a left dual of Y and (y, e, d) is a right dual of X. 

If D = {X,Y,e,d) and D' = {X' ,Y' ,e' ,d') are two dualities, two morphisms 
f: X ^ X' and 5 : Y' ^ Y are m duality with respect to D and D' if 

e'(/ (8) idy) = e(idx (g) g) (or, equivalently, (idy 18) = {g <Si idx)d') . 

In that case we write / = ^gD,D' and g = or simply f ~ ^g and = 

Note that this defines a bijection between Homc(X, X') and Home (1^', 5^). 

Left and right duals, if they exist, are essentially unique: if {Y, e, d) and (y , e', cZ') 
are right duals of some object X, then there exists a unique isomorphism u: Y —>Y' 
such that e' = e(idx (8 and d' = (u (8 idx)c?- 

A te/t autonomous (resp. ri^/ii autonomous, resp. autonomous) category is a 
monoidal category for which every object admits a left dual (resp. a right dual, 
resp. both a left and a right dual). 

Assume C is a left autonomous category and, for each object X, pick a left dual 
(^X, evx, coevx)- This data defines a strong monoidal functor ^? : C°p.®°p — > C. 

Likewise, if C is a right autonomous category, picking a right dual (X^, evx, coevx) 
for each object X defines a strong monoidal functor ?^ : C°^'^°^ — > C. 

Subsequently, when dealing with k;ft or right autonomous categories, we shall 
always assume tacitly that left duals or right duals have been chosen. Moreover, in 
formulae, we abstain from writing down the following canonical isomorphisms: 

%(X,F): V®^X^''(X®y), %:1^^1, 

?^(X,y): F^OX^ ^ (X^y)"", ?^:1^1^, 

and 

{evx (S* idv(;i(.v))(idx (8)coevxv): X ^(X^), 
(id(v;f)v evx)(c'oevv;,f (g) idx) : X — > (^X)"^. 

1.8. Braided categories. Recall that a braiding on a monoidal category C is a 
natural isomorphism r: — > 0ctc,c such that: 

rx,y(giz = (idy Tx,z)irx,Y 'Si idz) and tx^y,z = {tx,z <8> idy)(idx ty,z)- 

A braided category is a monoidal category endowed with a braiding. 

The mirror of a braiding t is the braiding r defined by tx.y = '''yjc- 

The 

mirror of a braided category B is the braided category B which coincides with B as 
a monoidal category but is endowed with the mirror braiding. 

If C is braided with braiding t, then C^°p is braided with braiding t° defined by 
TxY= ty,x- Note that r 1-^ t° is a bijection between braidings on C and braidings 
on'c®°P. 

1.9. Braided functors. A braided functor between two braided categories B and B' 
is a strong monoidal functor F: B ^ B' such that: 

F{tx,y)F2{X,Y) = F2{Y,X)T'p^x^^p^y^ 

for all objects X, Y of B, where r and r' are the braidings of B and B'. 

Example 1.1. If ;B is a braided category with braiding r, the monoidal functor 
(Ifi, T, idi) : B®°P B is a. braided isomorphism. 
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1.10. The center of a monoidal category. Let C be a monoidal category. A left 
half braiding of C is a pair (M, a), where M is an object of C and a : M(g)lc — > lc0M 
is a natural transformation such that: 

(i) o-r®z = (idy az){<JY <Si idz) for ah Y,Z £ Ob(C); 

(ii) fJi = idiw; 

(iii) a is an isomorphism. 

Note that if C is autonomous, (iii) is a consequence of (i) and (ii). 

The center of C is the braided category Z{C) defined as follows. Its objects are 
left half braidings of C. A morphism in Z{C) from (M, a) to (M', a') is a morphism 
f : M M' in C such that: (idi^, (g) f)a = (j'{f ® idi^ ). The monoidal product and 
braiding r are: 

(M, 0-) «) ( AT, 7) = (M «) iV, (a ® idAT ) (idM and T(m,<t) , ( Ar,7) = . 

Note that if C is autonomous, so is Z{C). 

Remark 1.2. Likewise, define a right half braiding of a monoidal category C to be 
a pair (M, a), where M is an object of C and a: Ic ® M ^ M ® Ic is a natural 
transformation satisfying analogous axioms. Right half braidings form a braided 
category Z'{C), with braiding: T'(^M,a),(N,-y) = 7m- We have: 

Z'{C) = 2:(C®°P)®°P. 

The braided category Z'{C) is isomorphic to the mirror of Z{C) via the braided 
isomorphism given by (M, ct) (M, cr~^). 

1.11. Algebras, bialgebras, and Hopf algebras in categories. Let C be a 

monoidal category. An algebra in C is an object A oi C endowed with morphisms 
m: A® A ^ A (the product) and u: 1 A (the unit) such that: 

m{m eg) id^) = m{idj^ to) and TO(id^ (E) u) — id^ = m{u ® idyi). 

A coalgebra in C is an object C oi C endowed with morphisms A : C ^ C C (the 
coproduct) and e: C ^ 1 (the counit) such that: 

(A O idc)A = (idc A)A and (idc ® £)A = idc = (e O idc)A. 

Let S be a braided category, with braiding r. A bialgebra in B is an object A 
of B endowed with an algebra structure (m, u) and a coalgebra structure (A, s) in B 
satisfying: 

Am = (to (8) TO)(id^ (g) ta,a ^ idA)(A (g) A), Au = u (g u, 

em = e<Si£, £u = idj. 

Let A be a bialgebra in B. Set: 

m°P = mr^3^ and A'^^p = r^^^^A. 

Then {A, to°p, m. A, s) is a bialgebra in the mirror B of S, called the opposite of A, 
and denoted A°p. Similarly {A,m,u, A'^"^ ,e) is a bialgebra in B, called the co- 
opposite of A, and denoted A''°p. Consequently A''°'P'°p = (Acop)°p is a bialgebra 
in B (with product mTA,A and coproduct t^\A). 

An antipode for a bialgebra A is a morphism S: A^ Am B such that: 

771(5 (g) id^)A = ue = m(id^ (g S)A. 

If it exists, an antipode is unique, and it is a morphism of bialgebras A ^cop,op_ 
A Hopf algebra in B is a bialgebra in B which admits an invertible antipode. 

If A is a Hopf algebra in B, with antipode S, then A°p and A^°p are Hopf algebras 
in the mirror B of B, with antipode S~^. 
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1.12. Modules in categories. Let {A,m,u) be an algebra in a monoidal cate- 
gory C. A left A- module (in C) is a pair {M,r), where M is an object of C and 
r: M ^ M is a morphism in C, such that: 

r{m (g) id m) — '''{id A <E) r) and r{u (g) idM) = idn ■ 

An A- linear morphism between two left A- modules (M, r) and (TV, s) is a morphism 
f:M ^ N such that fr = s{idA /)■ Hence the category aC of left A- modules. 
Likewise, one defines the category Ca of right A- modules. 

Let ^ be a bialgebra in a braided category B. Then the category aB is monoidal, 
with unit object (l,£) and monoidal product: 

(M,r) {N, s) = (r s)(id^ ® ta,m (E> idAr)(A ® idAf^w), 

where A and e are the coproduct and counit of A, and r is the braiding of B. 
Likewise the category Ca is monoidal, with unit object (1, e) and monoidal product: 

(M, r) ® (TV, s) = (r s)(idM «) tjv^a ® idA)(A ® idM^w)- 

Assume i3 is autonomous. Then aB is autonomous if and only if Ba is au- 
tonomous, if and only if A is a Hopf algebra. If A is a Hopf algebra, with antipode S, 
then the duals of a left A-module (M, r) are: 

^(M, r) = (^Af, (evM idvAj)(idv4f r(5 idM) ^ idvA^)(T^ v^^ (g) cocvm)) , 

(M, r)^ = (M^, (idMv evM)(idMv ® rr^^M ® idMv)(c'oevM ® S'""^ (g) idAfv)), 

and the duals of a right A-module (Af, r) are: 

^(Af, r) = (^Af, (evM idvM)(idvM ® rr^^^^ idvM)(idvM 5*""^ cocvm)), 

{M, r)^ = (M^, (idMv <X) evM)(idMv ® r-(idM 'S> S) ® idj\/v )(c'oevM g) ta/v^^)). 

Remark 1.3. Let A be a Hopf algebra in a braided category B, with braiding r. 
The functor Fa: aB Ba, defined by FA{M,r) = {M^rTM^A^^du ® S)) and 
FaH) — /, gives rise to a monoidal isomorphism of categories: 

FA^iFA,T,l): {ABf°P-^BA. 

Therefore braidings on aB are in bijection with braidings on Ba- More precisely, 
if c is a braiding on Ba, then: 

/ _ -1 

C{M,r),{N,s} — TM,N CFA(N,s),FA(M,r) Tjv,M 

is a braiding on aB (making Fa braided), and the correspondence c i— > c' is bijective. 

1.13. Penrose graphical calculus. We represent morphisms in a category by 
diagrams to be read from bottom to top. Thus we draw the identity idjsf of an 
object AT, a morphism / : A" — > y , and its composition with a morphism g: Y Z 
as follows: 

Z 

X Y 



id 



X 



/ = fn , and gf 



XX ^ 

X 

In a monoidal category, we represent the monoidal product of two morphisms 
f : X Y and g: U ^ V hy juxtaposition: 

Y V 

X u 

The duality morphisms of an autonomous category are depicted as: 



, coevx =1 I , evx = ( \ , and coevx =1 1 • 



8 



A. BRUGUIERES AND A. VIRELIZIER 



The braiding r of a braided category, and its inverse, are depicted as: 

Y X Y X 

Tx.Y = ^ and Tyjf = . 

X Y X Y 

Given a Hopf algebra A in a braided category, we depict its product m, unit u, 
coproduct A, counit e, antipode and as follows: 

A ^ A A A A 

/t /t O A ^ A A 



A A 



2. Hopf monads and their modules 



In this section, we review the notion of a Hopf monad. For a general treatment, 
we refer to pV07| |. 



2.1. Monads. Let C be a category. Recall that the category End(C) of endofunc- 
tors of C is strict monoidal with composition for monoidal product and identity 
functor Ic for unit object. A monad on C is an algebra in End(C), that is, a triple 
{T,^,rj), where T: C — > C is a bmctor, fi: ^ T and rj: Iq T are natural 
transformations, such that: 

f^xT{fix) fJ-xfJ-T{x) and fixVT{x) = idT(x) = fJ-xT{r]x) 
for any object X of C. 

Example 2.1. Let A be an algebra in a monoidal category C, with product m and 
unit u. Then the endofunctor ? (g) A of C, defined hy X ^ X A, has a structure 
of a monad on C, with product = idi^ (3 m and unit rj = idi^ (g) u. Similarly, the 
endofunctor A® ? is a monad on C with product m (8) idi^, and unit u ® idi^, . 

2.2. Bimonads. A ftimonac!^ on a monoidal category C is a monad {T,^,r]) on 
C such that the functor T: C — C is comonoidal and the natural transformations 
/i: — > T and 77: Ic — > T are comonoidal. In other words, T is endowed with a 
natural transformation T2 : T® T ®T and a morphism To '■ T{'1) ^ 1 in C such 
that: 

(idT(x) ® T2{Y, Z))T2{X, Y®Z) = {T2{X, Y) ® idT^z))T2iX ® Y, Z), 
(idT(jf) To)T2iX, 1) = idrix) = (To ® idT(x))r2(l, X), 

and 

r2(x,y)Mx«y - (MX Aiy)r2(r(x),T(r))r(T2(x,r)), 

To/ii = ror(To), T2{X,Y)rixi»Y = (jyx (X) ryy), To?7i = idi- 

Remark 2.2. A bimonad on a monoidal category C is nothing but an algebra 
in the strict monoidal category of comonoidal endofunctors of C (with monoidal 
product o and unit object Ic). 

Remark 2.3. A bimonad T on a monoidal category C = (C, 0, 1) may be viewed 
as a bimonad T° on the monoidal category C^°p = (C,iK)°p,1), with comonoidal 
structure = T2<tc,c and Tq = Tq. The bimonad T° is called the opposite of the 
bimonad T. We have: r°-C®°P = (T-C)®°p. 



^Bimonads were introduced in |Moe02 under the name 'Hopf monads', which we prefer to 



reserve for bimonads with antipodes by analogy with Hopf algebras. 
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2.3. Antipodes. Right and left antipodes of a Hopf monad generalize the antipode 
of a Hopf algebra and its inverse. Let (T, /i, 77) be a bimonad on a monoidal cate- 
gory C. 

Assume C is left autonomous. A left antipode for T is a natural transformation 
= {s'j,:TCt{X)) ^ ^A}x60b(C) satisfying: 

ror(evx)T(V ®idx) = evT(x)(4(x)r(>x) ® idT(x))r2C'T(A), A); 
ivx ® idv^f )coevxro = (/ix ® s'x)T2{T{X), ''r(A))T(coevT(x)); 



for every object X of C. By ||BV07| , Theorem 3.7], a left antipode s is 'anti 



(co)multiplicative': for all objects X,Y of C, 



s 



I I rri/ I \rTi2fV \ I V 

xM^T(x) = SxT[St(x)W ( fJ-x); SxV'T(x) = Vx'-, 



Assume C is right autonomous. A right antipode for T is a natural transformation 
= {s5, : T{TiXf) ^ A^};,eOb(c) satisfying: 

ToT(evx)r(idx Vx) = evT(x)(idT(x) ® s^(x)T(Ai^))T2(A, T(A)^); 
(idxv 0r/x)c'^vxTo = (s^ ® /xx)T2(T(A)'', r(A))r(c'^VT(x)); 



for every object X of C. By | BV07 , Theorem 3.7], a right antipode s'^ is also 



'anti-(co)multiplicative': for all objects X,Y of C, 

s5,«,.T(r2(A, r)^) = (s^y s5,)r2(r(r)\ r(A)^); 4^(70^ = To. 

Note that if a left (resp. right) antipode exists, then it is unique. Furthermore, 
when both exist, the left antipode s' and the right antipode s'^ are 'inverse' to each 
other in the sense that idT(x) — ^^t(x)'^^^"''x) ) = *t(x)^-^(^ (^y)) ^^-"^ object 
AofC. 

2.4. Hopf monads. A Hopf monad is a bimonad on an autonomous category 
which has a left antipode and a right antipode. 

Hopf monads generalize Hopf algebras in a non-braided setting. In particu- 
lar, finite-dimensional Hopf algebras and several generalizations (Hopf algebras in 
braided autonomous categories, bialgebroids, etc..) provide examples of Hopf mon- 
ads. If fact, any monoidal adjunction between autonomous categories gives rise to 
a Hopf monad (see Theorem |3.2[ ). It turns out that much of the theory of finite- 
dimensional Hopf algebras (such as the decomposition of Hopf modules, the exis- 
tence of inte grals, Maschke's criterium of scmisimplicity, etc..) extends to Hopf 
monads, see [ |BV07| . 



Example 2.4 (Hopf monads associated with Hopf algebras). Let A be a Hop f 
algebra in a braided autonomous category B, with braiding t. According to | BVOTf] , 



the endofunctor ? (g) A of S has a structure of a Hopf monad on B, with product 
fi = idig ® m, unit 77 = idi^ ® u, conionoidal structure given by: 

(?0^)2(A,r) = (idx®ry,^(g)idA)(idx®y ® A) and (? ® A)o = e, 

and left and right antipodes: 

Sx = (evA idvx)(idv^ (g) T^'x,A)i^<i''A($'^x «> 5""^), 

«5f = (evA (8 idxv)rAV(gxv,A(idAv®xv S). 
Pictorially, the structural morphisms of ? ® A are: 
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X A , X A Y A 

MX 

X A A ^ X Y A 

XV 



^, Vx^\, {1®AUX,Y)^ I 

A A U V /I 



^ ""A ''X A AV XV A 

Similarly, the endofunctor A®1 of B has a structure of a Hopf monad on B, with 
product /i = m idig, unit = u® idi^, comonoidal structure: 

(A®?)2(X,y) = (idA®TA,x«'idY)(A®idx®y) and (A®?)o = £, 

and left and right antipodes: 

Sx = (idv-x ® evA)T^^v^^v^(S' (g) idv^^v^), 

Sx = (idxv ®eYA)(TA,x-^ ®\chA){S^^ ® id^v^A^). 

Pictorially, the structural morphisms of A®1 are: 



AX , A X A Y 



Mx= ^ |, ^^ = 1' {A®'!UX,Y)^ ' ^ 

A A X A X Y 



[A® 



v^ XV 

'0=1' ^^=py\' ^i=)Erp^ 



A ^X v^ A XV AV 



Example 2.5. The previous example can be extended to the non-braided setting as 
follows. Let C be a autonomous category and {A, a) be a Hopf algebra in the center 
Z{C) of C (see Section pTIol) . Denote TO, u. A, e, S the product, unit, coproduct, 
counit, and antipode of {A, a). Observe that [A, to, u) is an algebra in C. Then the 
endofunctor A®7 of C has a structure of a Hopf monad on C, denoted A^o-?, with 
product ^ = m® idi^, , unit rj ^ u ® idi^ , comonoidal structure: 

{A®^7)2{X,Y) = {idA®ax ®idY){A®idx<g,Y) and {A®^7)o = e, 
and left and right antipodes: 

Sx = (idvx » evA)crv^«,VA(S' idv^^v^), 

= (idxv ®evA){crx^ (g) idv^)(5'"^ ^idxv^Av). 



Likewise, if {A, a) is a Hopf algebra in Z'{C) (see Remark 1.2), then the endofunctor 
? ® A oi C has a structure of a Hopf monad on C, denoted ? ®(j A, with product 
fi = idi(, TO, unit 7] = idi^ ® u, comonoidal structure given by: 

(?g)^A)2(X,r) = (idx«>cry 0idA)(idx®y«)A) and (? A)o = e, 

and left and right antipodes: 

Sx = (evA ® idv_Y)(idv^ ® o-vx)(idv^g,v^ ® S~^), 
sx = (cv^ (X)idxv)crAv,8xv(idAv®xv ® S). 

Note that if A is a Hopf algebra in an autonomous braided category B with braid- 
ing r, then {A,TA^~) is a Hopf algebra in Z(B), {A,t^^a) is a Hopf algebra in Z'{B), 
and we have A®7 = A®rA and 7 ® A =7 ^ A as Hopf monads on B. 
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2.5. Modules over a monad. Let {T,fi,ii) be a monad on a category C. An 
action of T on an object M of C is a morphism r : T{M) M in C such that: 

rT(r) = and rr/M = idAf- 

The pair (Af, r) is then called a T- module in C, or just a T-morfitZe|. 

Given two T-modules (Af, r) and {N,s) in C, a morphism of T- modules from 
(M, r) to {N,r) is a morphism / £ Homc(A'/, A^) which is T -linear, that is, such 
that /r = sT{f). This gives rise to the category T-C of T-modules (in C), with 
composition inherited from C. We denote by Ut- T-C C the forgetful functor 
of T defined by [/^(M, r) = M for any T-module (M, r) and C/t(/) = / for any 
T-linear morphism /. 

Example 2.6. Let A be an algebra in a monoidal category C and consider the 



monads 7 ® A and yl(X>? of Example 2.1. Then the category of (? A)- modules 



(resp. of (A®?)- modules) coincides with the category Ca of right A-modules in C 
(resp. with the category aC of left yl- modules in C): 

(?®A)-C = Ca and (A®?)-C = aC. 

2.6. Tannaka dictionary. Structures of bimonad and Hopf monad on a monad T 
have natural interpretations in terms of the category of T- modules: 



Theorem 2.7 (|BV07|). Let T be a monad on a monoidal category C and T-C be 
the category of T-modules. 

(a) If T is a bimonad, then the category T-C is monoidal by setting: 

{M,r)(x){N,s) = {M^N,{r(»s)T2iM,N)) and 1t-c = (1,Jo). 

Moreover this gives a bijective correspondence between bimonad structures 
on the monad T and monoidal structures on T-C such that the forgetful 
functor Ut - T-C C is strict monoidal. 

(b) Assume T is a bimonad andC is left autonomous (resp. right) autonomous. 
Then T has a left (resp. right) antipode if and only if T-C is left (resp. right) 
autonomous. If s^ is a left antipode for T, left duals in T-C are given by: 

'^{M,r) = (^M,s[.jT{\)), ev(M,r) = ev^/, coev(M,r) = coevM, 

and if s'' is a right antipode for T , right duals in T-C are given by: 

{M,rY = (Af^,s^,fr(r^)), e'v(M,r) = ev^/, coev(M,r) = coevM- 

(c) Assume T is a bimonad and C is autonomous. Then T is a Hopf monad if 
and only if T-C is autonomous. 

Example 2.8. Let A be a Hopf algebra in a braided autonomous category B and 



consider the Hopf monads 1 ® A and A®1 of Example 2.4. Then: 

{1®A)-B = Ba and {A®1)-B = aB 
as monoidal categories. 

Example 2.9. More generally, let C be a monoidal category and {A, a) be a Hopf 
algebra in the braided category Z{C). Then aC coincides with the category of 



modules over the Hopf monad A®„1 on C defined in Example 2.5. Hence aC is 
autonomous, with unit object and monoidal product: 

(M, r) ® {N, s) = (r (g) s){idA ctm ® idAr)(A ® idAf®jv)- 



Pairs (Af, r) are usually called T-algebras in the literature (see [Mac9S |). However, throughout 
this paper, pairs (M, r) are considered as the analogues of modules over an algebra, and so the 
term 'algebra' would be awkward in this context. 
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Likewise, if {A, a) is a Hopf algebra in the braided category Z'{C) (see Remark p^ ), 
then Ca coincides with the category of modules over the Hopf monad ? 0o- A, and 
so is autonomous, with unit object (1, e) and monoidal product: 

{M,r)(E){N, s) = (r®s)(idj\/®crAr®idA)(idAf(»Ar<X)A). 

2.7. Quasitriangular Hopf monads. A K-matrix for a Hopf monad (T,ii,rj) on 
an autonomous category C is a natural transformation 

R = {Rx^Y -.X^Y^ T{Y) ® T{X)}x,Y^oHC) 
such that, for all objects X, Y. Z of C, 

ilJLY ® iXx)RT{X)^TiY)T2{X,Y) = (/iy ® Mx)T2(r(y),r(X))r(i?jf,y); 

{idT(z)<S>T2{X,Y))Rx<»Y.z 

= ifiz «i idT(x)tg,T{Y)){Rx,T{z) ® idT(F))(idx ® -Ry.z); 

{T2{Y,Z)^idT(^X))Rx,Y^Z 

= (idT(y)®T(z) <8 Mx)(idT(y) ® Rt(X),z){Rx.y ® idz); 
(idT(x) ® To)Rt,x =Vx = {Tq <E) idT(x))Rx.i- 
A quasitriangular Hopf monad is a Hopf monad equipped with an R-matrix. 

Remark 2.10. For a bimonad, an R-matrix is also required to be *-invertible (see 



|BV07, Section 8.2]). For a Hopf monad T, this condition is automatic and we have: 
RT,^- = (idT(x)(»T(Y) evx{sx ® idjf )) 

(idT(x) ® R^T(x),Y ® idx)(coevT(x) (g) idy^x); 
= (evy(idy (g) Sy) (E) idT(x)<S)T{Y)) 

(idy (g) Rx,T{Yy ® idT(y))(idy®x ^ c'oevT(y)); 
where s' and s'' are the left and right antipodes of T. 

There is a natural interpretation of R-matrices for a Hopf monad T in terms of 
braidings on the category of T- modules: 



Theorem 2.11 (|BV07|). Let T be a Hopf monad on an autonomous category C. 
Then any K-matrix R for T defines a braiding r on the category T-C as follows: 

T-(M^r),{N,s) = (s ® t)RM,N ■ {M, r) g) {N, s) ^ {N, s) {M, r). 
This assignment is a bijection between K-matrices for T and braidings on T-C. 



Remark 2.12. In Section |8.6| , we define R-matrices for a Hopf algebra A in a 
braided autonomous category B admitting a coend C . These R-matrices are mor- 
phisms t: C ® C ^ A ® A, which encode R-matrices for the Hopf monads 1 ® A 
and A®1 . They generalize usual R-matrices for finite-dimensional Hopf algebras. 

2.8. Morphisms of Hopf monads. A morphism of monads between two monads 
(T, /z, rj) and (T', /z', rj') on a category C is a natural transformation f : T ^ T' such 
that, for every object X of C, 

/xMx = l^'xlT'(X)T{fx) and fxVx = -n'x- 
According to |BV07, Lemma 1.7], a morphism of monads f : T T' yields a 
functor /*: T'-C -^T-C defined by f*{M,r) = {M,rfM)- Moreover, the mapping 
/ t— * /* is a bijective correspondence between: (i) morphisms of monads / : T ^ T' , 
and (ii) functors F: T'-C ^ T-C such that UtF = Ut- ■ 

A morphism of bimonads between two bimonads T and T' on a monoidal cate- 
gory C is a morphism of monads f : T ^ T' which is comonoidal, that is: 

T^{X,Y)fx^Y = {.fx^fY)T2{X,Y) and T^/i = To- 
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According to pVOT] , Lemma 2.9], the associated functor f* : T'-C ^ C ^ T-C 
is then monoidal strict. Moreover, the mapping / i-^ /* is a bijective correspon- 
dence between: (i) morphisms of bimonads /: T — > T', and (ii) monoidal functors 
F: T'-C ^T-C such that UtF = Ut' as monoidal functors. 

A morphism of Hopf monads is a morphism of bimonads between Hopf monads. 

Example 2.13. Let A be a Hopf algebra in a braided autonomous category B, 
with braiding r. Recall that is a Hopf algebra in the mirror B of B. The Hopf 
monad ? (8) A°p on B may be seen as a Hopf monad on B. Then 

TA,? : A®? ^ ? A°P 

is an isomorphism of Hopf monads and 

(ta,?)* : Baop = (? ® A°P)- B ^ (A®?)- B^aB 

is an isomorphism of monoidal categories. Likewise, since (^°p)°p = A as Hopf 
algebras in B, t-t^a induces isomorphisms ? (gi A — > ^°P(g)? and a°vB Ba- 

3. Hopf monads, monoidal adjunctions, and coends 

Monads and adjunctions are closely related. This relationship extends naturally 
to Hopf monads and monoidal adjunctions between autonomous categories. We 
show that the forgetful functor of a Hopf monad creates and preserves coends. 
Lastly, we define the pushforward of a Hopf monad under an adjunction and, as a 
special case, the cross product of Hopf monads. 

3.1. Adjunctions. Let C and T) be categories. Recall that an adjunction is a pair 
of functors {F : C T) ,U : T) C) endowed with a bijection: 

Homp(F(X),r) ~ Homc(X,C/(y)) 

which is natural in both X € Ob(C) and Y £ Ob(P). The functor F is then called 
left adjoint of U and the functor U right adjoint of F. Note that a left (resp. right) 
adjoint of a given functor, if it exists, is unique up to unique natural isomorphism. 

An adjunction U) is entirely determined by two natural transformations 
ry: Ic ^ UF and e: FU l-p satisfying: 

U (e) rju — idjj and eFF{ri)—idF- 

These transformations t] and e are respectively called the unit and counit of the 
adjunction, and collectively the adjunction morphisms. 

Adjunctions may be composed: given two adjunctions [F : C ^ V : V ^ C) 
and [F' -.V ^ £,U' : £ P), the pair {F'F: C ^ S, UU' : £ ^ C) is an adjunction 
called the composite of (F, U) and (F', U'). 

Adjunctions and monads are closely related. Indeed if T is a monad on a cate- 
gory C, then the forgetful functor Ut ■ T-C ^ C has a left adjoint Ft : C ^ T-C, de- 
fined by Ft{X) = {T{X), ^ix) for any object AT of C and Ft(/) = T(/) for any mor- 
phism / in C. The unit of the adjunction {Ft, Ut) is the unit 77: Ic ^ T = UtFt 
of the monad T, and the counit e: FtUt ^t-c of {Ft, Ut) is the T- action, that 
is, e(^M,r) = I' for any T-module (M, r). 

Moreover ii {F : C ^ 'D,U : V ^ C) is a. pair of adjoint functors, with adjunction 
morphisms 77: Ic UF and e: FU l-p, then T = C/F is a monad on C, with 
product /i = U{eF)- T and unit 77. The monad {T,^,ri) is the called the 

monad of the adjunction {F, U). In addition there exists a unique functor K : V 
T-C such that UtK = U and KF — Ft- The functor K is called the comparison 
functor and is given by K{D) = {U{D), U{eD)) for any object D of V. 

Note that if T is a monad on C, then T is the monad of the adjunction {Ft, Ut) 
and the comparison functor is the identity functor. In general, however, the com- 
parison functor of an adjunction need not be an equivalence. 
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3.2. Monadic adjunctions. An adjunction is monadic if its comparison functor 



(see Section 3.1) is an equivalence. Remark that the composite adjunction of two 
monadic adjunctions need not be monadic. 

A functor J7 : 2? — > C is monadic if it admits a left adjoint F : C V and the 
adjunction {F, U) is monadic. If such is the case, the monad T — UF oi the adjunc- 
tion {F^ U) is called the monad of U . It is well-defined up to unique isomorphism 
of monads (as the left adjoint F is unique up to unique natural isomorphism). 

For example, if T is a monad on a category C, the forgetful functor Ut ■ T-C ^ C 
is monadic with monad T. 

Remark 3.1. Let U : V ^ C he a functor. If there exist a monad T on C and an iso- 
morphism of categories K : V ^ T-C such that U — UtK, then F — K^^Ft is left 
adjoint to U and the adjunction [F, U) is monadic with monad T and comparison 
functor K . 

3.3. Hopf monads and monoidal adjunctions. Let C and 2? be monoidal cat- 
egories. An adjunction {F : C ^ V,U : ^ C) is said to be monoidal if the right 
adjoint U : 2? — > C is strong monoidal. For example, if T is a bimonad on a monoidal 
category C, then the adjunction {Ft, Ut) is monoidal. 

The monad of a monoidal adjunction between monoidal categories (resp. au- 
tonomous categories) is a bimonad (resp. a Hopf monad). More precisely: 

Theorem 3.2 (| |BV07| ). Let {F : C ^ V,U : V ^ C) be a monoidal adjunction 



between monoidal categories. Denote T = UF the monad of this adjunction. Then 
the functor F is comonoidal and T is a bimonad on C. The comparison functor 
K: T> T-C is strong monoidal, satisfies UtK — U as monoidal functors, and 
KF = Ft as comonoidal functors. If the categories C and T> are furthermore 
autonomous, then the bimonad T is a Hopf monad. 

Remark 3.3. Let {F, U) be a monoidal adjunction between autonomous cate- 
gories, with unit r] and counit e. Let T = UF be the Hopf monad associated with 



this monoidal adjunction (see Theorem 3.2). Then the comonoidal structure and 
antipodes of T are: 

T2{X, Y) = U2{F{X),F{Y))-^ U[eFix)^F(Y)) UF{U2{F{X), F{Y)){r,x ® Vy)) , 
To - U{et) UF{Uo), 

4 = V Ui{F{X))-' U{e.p(x)) UF{U[{F{X))), 
sx = Ul{F{X))-^ UisF^xy ) UF{Ul{F{X))), 
where U{{Y) : ^U{Y) U^Y) and U^jY) : U{Yy C/(F^) arc the compatibility 



isomorphisms of U with duals (see [BV07, Section 3.2]) 



3.4. Hopf monads and right adjoints. If i^: C ^ P is a functor between au- 
tonomous categories, denote F' : C — > P the functor defined by: F\X) = F(^X)'^ 
and F- (f) = F(^f) for all object X and morphism / in C. 

Lemma 3.4. Let U : T) ^ C be a strong monoidal functor between autonomous 
categories. If F : C T> is a left adjoint for U , then F' is a right adjoint for U. 

Proof. Since U is strong monoidal, we have U(^X) ~ ^[/(X) for any objet X of C. 
Hence the following isomorphisms: 

}iomc{U{X), Y) ~ Homc(V, V(A:)) ~ Honic(V, U^X)) 

~ Hom2,(i^(V),''A:) ~ Homi,(X,i^(V)'') = Romv{X, F'{Y)) 

which are natural in both X E Ob(C) and Y e Ob(2?). □ 

Proposition 3.5. Let T be a Hopf monad on an autonomous category C. Then: 



THE DOUBLE OF A HOPE MONAD 



15 



(a) The endofunctor T' of C is a right adjoint of T . 

(b) The functor Ff : C T-C is a right adjoint of the forgetful functor Ut- 



Proof. Part (a) is |BV07, Corollary 3.12]. Part (b) is Lemma 3.4 applied to the 



monoidal adjunction (Ft,Ut)- O 

Remark 3.6. If T is a Hopf monad on an autonomous category C, then the ad- 
junction morphisms e: TT' Ic and h: Iq T' T are given by ex = sZx and 
hx = (s^)^, where s' and s^ denote the left and right antipodes of T. 

Recall that a functor G: T) —> C preserves colimits if the image under G of a 
colimit in 2? is a colimit in C A functor G'.T) —> C creates colimits if, for any 
functor F: I ^ V such that GF: I ^ C has a colimit, this colimit lifts uniquely to 



a colimit of F. See [Mac9S| for more precise definitions. 



Since the forgetful functor of a monad which preserves colimits creates colimits 



(by |Bor94, Proposition 4.3.2]), Proposition 3.5 admits the following corollary: 

Corollary 3.7. If T is a Hopf monad on an autonomous category C, then T pre- 
serves colimits and the forgetful functor Ut ■ T-C C creates and preserves colim- 
its. 

3.5. Coends and Hopf monads. Let C and V be categories and F: C°p x C ^ 
I? be a functor. A dinatural transformation d: F —> Z from F to an object Z 
of 2? is family d — {dx ■ F{X,X) —>■ Z}xeoh(c) of morphisms in V satisfying the 
dinaturality condition: 

dYF{idYj)^Fif,idx)dx 
for every morphism f : X ^ Y in C. We denote Dinat(F, Z) the set of dinatural 
transformations from F to Z. 

A coend of a functor F: C°p xC ^ V consists of an object C of C and a dinatural 
transformation i: F C which is universal in the sense that, for every dinatural 
transformation d: F ^ Z , there exists a unique morphism r: C Z such that 
dx = r o ix for all X e Ob(C). In other words, the map: 

Homi,(C,Z) ^ Dinat(F,Z) 
r i—f ri 

is a bijection. The dinatural transformation i is then called a universal dinatural 
transformation for F. A coend of F, if it exists, is unique up to unique isomorphism. 

rXeC 



Following jMacQ^ , we denote ft / F{X, X). 
Coends are well-behaved under adjunction: 

Lemma 3.8. Let C, T), £ be categories, {F : C ^ T) ,U : T) ^ C) he an adjunction, 
and G : T)°^ x C £ he a functor. We have: 

G{F{X),X) ~ j G{Y,U{Y)), 

meaning that if either coend exists, then both exist and they are naturally isomor- 
phic. 

Proof. Denote rj: Iq — > UF and e: FU — > Ip the adjunction morphisms. The 
lemma results from the existence of a bijection: 

ij): Dinat(G'(F X lc),E) Dinat(G'(1i,op x U),E) 

which is natural in G Oh{£). It is defined by ip{d) = dijG{e, idu), and its inverse 
hyt^-Ht)=tFGiidF,v)- □ 



Coends are special cases of colimits (see [Mac98|), and particular, a functor 



which preserves (resp. creates) colimits preserves (resp. creates) coends. Hence, by 



Corollary 3.7 
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Proposition 3.9. Let T be a Hopf monad on an autonomous category C and 
F: V°P X V T-C be a functor. Then the coend C = J^^'^ UtF{Y,Y) ex- 
ists if and only if the coend /^^^ FiY, Y) exists. Moreover, given a coend C = 
J^^^ UtF{Y,Y) with universal dinatural transformation iy ■ UtF(Y,Y) C, 
there exists a unique action r : T{C) C ofTonC such that iy ■ F{Y, Y) —> (C, r) 
is T- linear. We have then {C,r) ~ J ^ F{Y,Y), with universal dinatural trans- 
formation i. The morphism r: T{C) C is characterized by 

rT{iy) = iyay where F{Y, Y) = {UtF{Y, y), ay), 
as T{i) is a universal dinatural transformation. 

3.6. Pushforward of a monad under an adjunction. Let [F : C ^ V ,U : T) 

C) be an adjunction and Q be an endofunctor of V. The endofunctor U QF of C is 
called the pushforward of Q under the adjunction (F, U) and is denoted by [F, U)^,Q. 

If Q is a monad, then {F, U)*Q is a monad: it is the monad of the composite 
adjunction {FqF, UUq) of {F, U) and {Fq, Uq). 

If Q is comonoidal and {F,U) is monoidal, then {F,U)^,Q is comonoidal with 
comonoidal structure the composition of the comonoidal structures of Ut, Q, and Ft- 

By Theorem 3.2, if the adjunction (F, U) is monoidal and Q is a bimonad, then 
U)^Q is a bimonad (since the composite of monoidal adjunctions is a monoidal 
adjunction). 

Finally, if C and P are autonomous, (F, U) is monoidal, and Q is a Hopf monad, 
then {F, U)^,Q is a Hopf monad. 

Remark 3.10. The structural morphisms of {F, U)^,Q can be expressed using those 
of Q and the adjmiction morphisms of (F, U) (by applying Remark 3.3). 

3.7. Cross products. Let T be a monad on a category C and Q be an endofunctor 
of T-C. Denote 77 and e the unit and counit of {Ut,Ft). The pushforward of Q 
under the adjunction (-Ft, Ut) is called the cross product of Q by T and denoted 
by Q X T. Recall: Q yi T = UtQFt as an endofunctor of C. 

If {Q,q,v) is a monad on T-C, then Q x T is a monad on C with product p and 
unit e given by: 

p = qFTQisgFr) and e = vp^rj. 
If r is a bimonad and Q is comonoidal, then Q x T is a comonoidal with 
comonoidal structure given by: 

(Q X T)2{X,Y) = Q2{Ft{X),Ft[Y)) Q{eF^ix)<»FHY)FTivx vy)) , 

(Qxr)o = OoQ(£(i,To)). 

If T and Q are bimonads, then Q x T is a bimonad. If T and Q are Hopf monads, 
then Q X T is a Hopf monad, with left and right antipodes given by: 

o-x = ^'nxSlp^(^x)Q(^'^QFT{X)) and Ox = 'nxSF:^{x)Qi'^QFT{x)^), 

where and are the antipodes of Q. 

Example 3.11. Let H he a, bialgebra over a field k and A be a i?- module algebra, 
that is, an algebra in the monoidal category ^Vectk of left iJ- modules. In th is 
situation, we may form the cross product Ax H, which is a k-algebra (see | Maj95 |). 
Recall H^7 is a monad on Vectt and A®? is a monad on ^Vectk. Then: 

(^®?) X (iJ®?) = (A X i7)0? 

as monads. Moreover, if iJ is a quasitriangular bialgebra and A is a i?-module 
bialgebra, that is, a bialgebra in the braided category uVect^, then A x _ff is a 
k-bialgebra, and (A(X)?) x (_ff0?) ~ {A x iJ)®? as bimonads. 



THE DOUBLE OF A HOPE MONAD 



17 



4. Distributive laws and liftings 

Given two monads P and T on a category C, when is the composition PT a 
monad? How can one hft P to a monad on the category T-C? Beck's theory of 



distributive law |Bec69| provides an answer for these questions. In this section, we 
recall the basic results of this theory and extend them to Hopf monads. 

4.1. Distributive laws between algebras. Let {A,m,u) and {B,iJ,,ri) be two 
algebras in a monoidal category C. Given a morphism fi: B®A~^A®B in C, set: 

p = (to ® fi){idA ® ids) : {A ® B) ® {A ® B) ^ {A B). 

Then {A(Si B,p,u®ri) is an algebra in C if and only if fl satisfies: 

f2(idB ® to) = (to eg) idB)(id^ ® 51)(51 (g) id^); ri(ids ®u) — u(E) id^; 

id^) — (id^ Ai)(ri <8i idB)(idB il); ri(?7 ® id^) = id^ 'Sy> rj. 

If such is the case, we say that is a distributive law of B over A. The algebra 
[A-S) B,p,u^ r]) is then denoted A B. Note that i = (id^ (g) r]) : A A B 
and j — (u (g) ids) : i? A (g)^ _B are algebra morphisms, and the middle unitary 
law holds: 

p(idA ?7 u ® idA) = idA»B- 
In other words, we have p{i ® j) = idA®B. 

Remark 4.1. Let {C,p,e) be an algebra in C and i : ^ C, j : i? ^ C be two 
algebra morphisms such that 8 = p(i (g) j) : ^ (g) i? — > C is an isomorphism in C. 
Then there exists a unique distributive law ^ of B over A such that is an algebra 
isomorphism from A (gjji B to C. Moreover: 

fl = Q^'^p{j (g)i), i = 6(idA®?7) and j = e(u®idB). 

Remark 4.2. If a distributive law : B(E)A A(S)B of B over ^ is an isomorphism, 
then ri~^ is a distributive law of A over B and fi: i? A ^ A (E)n B is an 

isomorphism of algebras. 

Example 4.3. Let A and B be bialgebras in a braided category B. A distributive 
law of B over A is comultiplicative if it satisfies: 

(idA ® TA,B ® idi3)(AA ® Ab)^^ = (1^ «) f^)(idB tb^a ® idA)(AB «> Aa), 

(£a fXi es)^ ^ Eb <E) £A, 

where r is the braiding of B. A comultiplicative distributive law is nothing but a 
distributive law between algebras in the monoidal category of coalgebras in B. Let 
be a comultiplicative distributive law of B over A. Then A ®si i? is a bialgebra 
in B. Furthermore, if A and B are Hopf algebras, then A (gjji S is a Hopf algebra 
with structural morphisms: 

mA^nB = {rriA ® nT-B)(idA ids), UA^t^B = "A ® ws, 

AA«.nS = (idA «) rA,B (81 idB)(AA As), eA^nS = ® es, 

Sa^uB = 5'a ® S'b, 

where toc, uc, Ac, ec, "Sc denote respectively the product, unit, coproduct, 
counit, and antipode of a Hopf algebra C. 

4.2. Lifting monads and bimonads. Let (P, to, u) be a monad on a category C 
and U : T) ^ C he a functor. A lift of the monad P to V is a monad (P, to, u) on I? 
such that PU = UP, mu = U{'m), and U(7 = U{u). 

Let P be a bimonad on a monoidal category C and U : V ~> C he a strong 
monoidal functor. A lift of the bimonad P to V is bimonad P on V which is a lift 
of the monad P to T) such that UP = PU as comonoidal functors. 
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4.3. Distributive laws between monads. Let (T, /i,?;) and {P,m,u) be monads 
on a category C. Following Beck |Bec69|, a distributive law of T over P is a natural 
transformation 17 : TP PT verifying: 

^xT{mx) = mT(x)P{^x)^p(x); ^xT(ux) = ut(x)] 

^xf^p{x) = PU^x)^T{x)T{^x); ^xVp{x) = P{vx); 

for all object X oi C. 

Remark 4.4. Viewing the monads T and P as algebras in the monoidal category 
of endofunctors of C (with monoidal product o and unit object Iq), the above 



definition of a distributive law agrees with that given in Section 4.1 



Let be a distributive law of T over P. Firstly, defines a monad structure on 
the endofunctor PT of C, with product p and unit e given by: 

px = mT(x)P^(px)P{^T(x)) and ex = ut(x)Vx- 

The monad {PT,p, e) is denoted P T. Secondly fl defines a lift {P^, rh, u) of the 
monad P to the category T-C as follows: 

P^^{M,r) = {P{M),P{r)flM), nii^Mjr) = and U(M,r) = "Af- 

Furthermore, there is a canonical isomorphism of categories: 

P^-{T-C) {PonPyC 



K 

with inverse: 



((M,r),s) ^ (M,C/T(s)P(r)) 



{PonT)-C ^ P^-{T-C) 

(A, a) I — > {{A,auT{A)),aP{riA)) 

In fact K is the comparison functor of the composite adjunction: 

Upn ijj, 

P^- {T-C):^^T-C:^^C 

Fpn Ft 

Hence this composite adjunction is monadic with monad P oq T . 

The assignments ^ P o^T and ^ P^ are one-to-one in the following sense: 



Theorem 4.5 (|Bec69|). Let {T^fj,,ri) and {P,m,u) be monads on a category C. 
We have bijective correspondences between: 

(i) Distributive laws Q : TP PT of T over P; 

(ii) Products p : PTPT — > PT for which: 

(a) {PT,p,UTr]) is a monad on C; 

(b) ut ■ T PT and P{vi) : P — » PT are morphisms of monads; 

(c) the middle unitary law pxP{riPT(x)UT(x)) = idpT(Js:) holds; 

(iii) Lifts of the monad P on C to a monad P on T-C. 

4.4. Distributive laws between bimonads. Let T and P be bimonads on a 
monoidal category C. Recall that TP and PT are comonoidal endofunctors of C. 
A distributive law O : TP PT of T over P is comonoidal if it is comonoidal as a 
natural transformation, that is, if it satisfies: 

(PT)2(X, Y)nx^Y = i^x ® nY)iTP)2{X, Y) and (PT)or!i = (rP)o. 

Remark 4.6. Viewing the bimonads T and P as algebras in the monoidal category 
of comonoidal endofunctors of C (see Remark 2.2), a comonoidal distributive law is 



a distributive law in the sense of Section 4.1 
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Beck's Theorem 4.5 was generalized by Street [ ^tr72 | to monads in a 2- category. 



Applying this theorem to the case of the 2-category of monoidal categories and 
comonoidal functors, we obtain: 

Theorem 4.7. Let (T,fi,ri) and {P,m,u) be bimonads on a monoidal category C. 
We have bijective correspondences between: 

(i) Comonoidal distributive laws fl : TP PT of T over P; 

(ii) Products p : PTPT — > PT for which: 

(a) {PT^p,utVi) is a bimonad onC; 

(b) ut '■ T PT and P{ri) : P — > PT are morphisms of bimonads; 

(c) the middle unitary law pxP{r]PT{X)'^T{x)) = idpT(x) holds. 

(iii) Lifts of the bimonad P on C to a bimonad P on T-C. 

Also, if n is a comonoidal distributive law ofT over P, the canonical isomorphism 
of categories P^- (T-C) ~ {P oqT)-C is strict monoidal. 

Example 4.8. Let ;B be a braided category, A and B be two bialgebras in B, 
and H.: B(^A^A(i$Bhea morphism in B. Then the following conditions are 
equivalent: 

(i) n idig is a comonoidal distributive law of -B®? over 

(ii) idig ® r2 is a comonoidal law of ? A over 1 ® B\ 

(iii) is a comultiplicative distributive law of B over A (see Example 4.3). 

If such is the case, we have the following equalities of bimonads: 

{A®!) 0(n8idig) {B®^) = {A ®o B)®1 
(? ® B) o(idi^®o) (? ® A) = ? (A ®n B). 

Remark 4.9. Let Q, : TP PT be a distributive law between monads on a cat- 
egory C. Then P^ x T = P oq T as monads, where xi denotes the cross product 



(see Section 3.7). Moreover, if C is monoidal, T and P are bimonads, and fl is 
comonoidal, then P^ yi T — P o^^ T as bimonads. 

4.5. Distributive laws and antipodes. We show here that if fl : TP PT is 

a comonoidal distributive law between Hopf monads, then the composition P o^T 
and the lift P^ are Hopf monads: 

Proposition 4.10. Let T and P be bimonads on a monoidal category C and let 
i7: TP —>■ PT be a comonoidal distributive law of T over P. Then: 

(a) If C is left autonomous, T has a left antipode s', and P has a left an- 
tipode 5' , then the bimonads P o^T and P^ have left antipodes, denoted 
a' and 5*' respectively, given by: 



a'x = SWpix))PTC^x): PT^PTiX)) ^ ^X, 

''(M,r) ^ '^^ 



~S\M,r)^ S\,: P^'i P^'iM^r)) ^\M,r). 



(b) // C is right autonomous, T has a right antipode , and P has a right 
antipode , then the bimonads Po^T and P^ have right antipodes, denoted 
and respectively, given by: 

«x = S^xP{sp(x))Pn^x)-- PT{PT{XY) ^ X\ 
SlM,r) - SI,: P^{P'\M,r)^) -> (Af,r)\ 
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Proof. Let us prove Part (a). One first checks that satisfies the axioms of a left 
antipode, that is, 

{PT)oPT{evx)PTC{uT(x)Vx) ® idx) 

= eYpT(x){a'pTix)PTCpx)^idpTix)){PT)2CPT{X),Xy, 
{ut(x)Vx ® idvx)coevx(Pr)o 

= {Px ® a'x)iPT)2{PT{X), ^PT(X))Pr(coevpT(x)). 

This can be done applying the axioms for the left antipodes s' and S'' of T and P 
and the axioms for the distributive law il. By Theorem |2.7| (b), this implies that 
(P oq T)-C is left autonomous. Now recall that: 

P"-(T-C) ^ {Po,,T)-C 
((Af,r),s) ^ (A/,sP(r)) 

is a strict monoidal isomorphism of categories (see Section |4.3| ) . Therefore P^- (T- C) 
is left autonomous and so, by Theorem ^.7K b), P^ has a left antipode SK Further- 
more, given a P^- module ((M, r), s), we have: 

i^-i(^Al(Af,r),.)) = (rAf,4,P(r)),p). 

where Urip) = a^Pr(^P(r)^s)P(7,M) = Hence = ^i^. 

Part (b) results from Part (a) applied to the opposite Hopf monads 

(P oo T)° = P° oo T° and (pf^)o ^ (pS)O^ 



K: 



see Remark 2.3. □ 



From Proposition 4.10, Theorem 4.7, and Remark 4.9, we deduce 



Corollary 4.11. IfT and P are Hopf monads on an autonomous category C and 
fi: TP PT is a comonoidal distributive law, then P o^T is a Hopf monad on C, 
P^ is a Hopf monad on T-C, and P^ x T = P T as Hopf monads. 

4.6. Invertible distributive laws. Let T, P be two monads on a category C and 
n-. TP ^ PT he an invertible distributive law of T over P. Then fl^^ : PT ^TP 
is a distributive law of P over T, and f2 is a isomorphism of monads from T o^-i P 
to P on T. 

If C is monoidal, P, T are bimonads, and il: TP ^ PT is a comonoidal dis- 
tributive law of T on P, then n-^: PT ^ TP is a comonoidal distributive law of 
P over T, and is a isomorphism of bimonads from T o^-i P to P oq T. 

Proposition 4.12. Let P, T &e Hopf monads on an autonomous category C. Then 
any comonoidal distributive law fl : TP —>■ PT of T over P is invertible. Further- 
more, for any object X of C, we have: 

^x = ^^TP(X)P{^^P(-^TP(x)))PP{^^TP(x))PP{P{^^p(x)Y)PP{^^x)^ 
where s'' , s"^ , S\ denote left and right antipodes of T and P respectively. 

Proof. The functors T, P and PT are Hopf monads by assumption and Corol- 
lary i.ll. Therefore, by Proposition 3.5, the functors T-, P-, and (PT)- are 



right adjoints for T, P, and PT respectively. On the other hand, by composi- 
tion of adjunctions, P' o T' = (PT)' is a right adjoint for TP. As a left adjoint 
is unique up to unique natural isomorphism, we obtain a canonical isomorphism 
a: PT ^ TP. Denoting e: TT' Ic, h: Ic T'T, e' : PP' Ic, h' : Ic ^ P'P, 
E: PT(PT)- Ic, and H : Iq ^ {PT)-PT the adjunction morphisms, we have 
Q — EtpPTP' {hp)PT{h'). Now the adjunction morphisms can be expressed in 
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terms of the antipodes, see Remark 3.6. Therefore, using Proposition 4.10, we get 
that, for any object X oi C, 

ax = 5vJ,p(^^P(Sp.VJ,p/^^^)F^(^2vJ,p/J(-^)PT(F(Sp/^^)^)PT(5^) 



'TP(X)^ \^PCTP(X))J-^ ^ V'''^TP{X))-^ ^ \°P(X)J 

^(v;,))PT(f^Y_^) and Hx = {PT)\..x,^ v-p(x). 



Furthermore: Ex = SZ^P{s-'p,.,^.)PT{n'i^) and Hx = {PT)-{nx)P{s^p,x)Y S^^ . 



Hence 

idpT(x) — EpT(X)PT{Hx) 

= EpTix)PT{PT)\Qx)PT{P{.s'p^x.^r)PT{S'^) 

= nxETP(x)PT{P{sp{X)Y)PT{Sx) by functoriahty of E 

^(X)Pi^PCTP(X)))^ ^ V"VTP(X)^-' ^ VP( 



— ^xSZrj.p,-^-.P{SpQJj,p,-^.s)PT{^lwrj,p,-^^^ 



= ^xax- 

This shows that 57, as inverse of the isomorphism a, is an isomorphism. □ 

Remark 4.13. Let Q,: B ® A A ® B he a, distributive law between two Hopf 
algebras A and i? in a braided autonomous category B with braiding r. Then, 
applying Proposition 4.12 to the distributive law of Example 4.S, we find that Vl is 
invertible, and its inverse is given by: 

n-^ = [Sp^ ® SA^)Tg\nTA,B{SA® Sb), 

where Sa and Sb are the antipodes of A and B. 

5. The centralizer oe a Hope monad 

In this section, we introduce the notion of centralizer of a Hopf monad, and 
interpret its category of modules as the categorical center relative to the Hopf 
monad. 

5.1. Centralizers of endofunctors. Let C be a monoidal category and T be an 
endofunctor of C. 

A centralizer ofT at an object X of C is a pair (Z, S), where Z G Ob(C) and 

S^{Sy: X(g)Y ^ T{Y) Z}ygob(C) : X ® Ic ^ T Z 

is a natural transformation, verifying the following universal property: for every 
object W oiC and every natural transformation ^ : X ®lc — *■ T W, there exists a 
unique morphism r: Z ^ W inC such that ^ ~ (id-r r)S. Note that a centralizer 
of T at X, if it exists, is unique up to unique isomorphism. 

Remark 5.1. The notion of centralizer is not invariant under left /right symmetry. 
We should properly call it 'left-handed' centralizer. We can as well define a 'right- 
handed' centralizer of T at X to be a pair {Z', S'), with 

6' ^ {S'y-.Y ®X ^ Z' (g) T{Y)}YeOh{C) : Ic <E> X Z' (g) T 

satisfying the relevant universal property. Note that this is equivalent to saying 
that {Z' , S') is a 'left-handed' centralizer of T at X in the monoidal category C^°p. 
By left/right symmetry, all notions and results concerning 'left-handed' centralizers 
can be adapted to the 'right-handed' version. 

The endofunctor T is said to be centralizable at an object X of C if it admits a 
centralizer at X. 

A centralizer of T is a pair {Zt, d), where Zt is an endofunctor of C and 
d = {dx,Y : X r ^ T{Y) ® ZT{X)}x^YeOb{c) : ^ (T ^t)ctc,c 

is a natural transformation, such that {Zt{X), dx,ic) is a centralizer of T at X for 
every object X of C. 
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The endofunctor T is said to be centralizable if it admits a centrahzer. An 
endofunctor of C is centralizable if and only if it is centralizable at every object 
of C. In that case, its centralizer is essentially unique. More precisely: 

Lemma 5.2. Let T be an endofunctor of a monoidal category C. We have: 

(a) Given a centralizer [Zt{X), dx) ofT at every object X ofC, the assignment 
Zt'- X I— > Zt{X) admits a unique structure of functor such that: 

d = {dx,Y - {dx)Y -.X^Y^ T(Y) ® Zt{X)}x ,YeOh(C) 

is a natural transformation. The pair (ZT,d) is then a centralizer of T . 

(b) If {Z, d) and (Z' , d') are centralizers ofT, then there exists a unique natural 
isomorphism a: Z ^ Z' such that d' — (idy ® a)d. 

Proof. For each morphism / : X — > X' in C, by the universal property of centraliz- 
ers, there exists a unique morphism Zrif) ■ Zt{X) Zt{X') such that: 

(idr ® ZtU)) dxM = dx'M if ® Ic), 
and this assignment defines the only structure of functor on Zx such that 9 is a 
natural transformation. □ 

5.2. Centralizers and coends. In this section, we give a characterization of cen- 
tralizable endofunctors in a left autonomous category in terms of coends. 

Proposition 5.3. Let C be a left autonomous category, T be an endofunctor ofC, 
and X be an object of C. Then T is centralizable at X if and only if the coend 

pYec 

Zt{X)^ / '^T{Y)(g>X(g,Y 

exists. If such is the case, denoting i the universal dinatural transformation of the 
coend and setting: 

{dx)Y = (idT(y) ® «y)(coevT(y) ®idx®F), 
the pair {Zt{X), dx) is a centralizer ofT at X. 

Proof Let F: C°P X C -> C be the functor defined by F{Y, Z) = (E) X ^ Z 

and F{f, g) = ^T{f) ®X®g. By duality, we have a bijection: 

?/;: Dinat(F, Z) noM{X ® lc,T ® Z) 

which is natural in Z G Ob(C). It is defined by: 

ilj{j)Y = (idT(y) ® Jy) (coevT(y) «) idx®y) : X®Y ^ T{Y) ® Z 

and its inverse by: 

^-\S) = (evT(y) ® idz)(idvy(y) 0(Sy): ""T (Y) X Y Z. 

Therefore T is centralizable at X if and only if F admits a coend and, if so, the 
centralizer of T at X is canonically isomorphic to the coend of F. □ 

5.3. Extended factorization property of the centralizer. Let T be a central- 
izable endofunctor of a monoidal category C and {Zt, d) be a centralizer of T. For 
any non-negative integer n, let 

a": 0„+i ^ {T^" ® Z^)<Jc,o. 

be the natural transformation defined by the following diagram: 

r(l'i) T(Y2) T{Y„) Zy(X) T(Y) Zt{X) 

'9^,yi,...,y„ = — where dx.y = 
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In other words, the morphisms: 

5x,n,....y„ ■■ X(g)Yi(g)---(g)Yn^ T{Yi 
are defined inductively by — idx and 

(idT(yi)(»---®T(y„) "X) d. 



>TiY„)(g,ZJ^{X) 



"x,Yi,...,Y„ + i 



Z5;(x),y„+ 



X,Yi,...,Yr^ 



® idF„+i)- 



Notice = d and 9^+"? = (idj-®? ® id^^) for aU non-negative integers p, q. 

Lemma 5.4. Assume C is left autonomous. Let V be category and K,L: V ^ C 
be two functors. For every non-negative integer n and every natural transforma- 
tion ^: K iS> ®n — > (T®" ® L)ax>,C", there exists a unique natural transformation 
L such that: 



r: ZJ^K 



that is, 



x,yi,...,y„ 



X,Yi 



T(Yi) T{Y2 



K{X) Yy 

for all X e Ob(P) and Yi 




T(Yi) T(Y2) T(F„) L(X) 



\ 




/ 


?X,Yi Y^ 


/ 




\ 



K(X) n 



,r„ GOb(C). 



Remark 5.5. We will often write the equality defining r in Lemma 5.4 as: 

Strictly speaking, it should be: (id7-»n ® r)o-^ ^„ ^^^^ = ^. However, in this kind 
of formulae, we will usually omit the permutation cr as it can easily be recovered 
from the context. 



Proof of Lemma 5.4- The lemma can be verified by induction on n using the Pa- 
rameter Theorem and Fubini Theorem for coends (see | Mac98{ ) and the fact that, by 
Proposition^ we have ZtK{X) = J^^'^ ^T{Y)®K{X)®Y for aUX e Ob(C). □ 

5.4. Structure of centralizers. In this section, we show that the centralizer Zt 
of a Hopf monad T is a Hopf monad. The structural morphisms of Zt arc defi ned 
as in Figure |^ using the extended factorization property of Zt given in Lemma . 
More precisely: 

Theorem 5.6. LetT be a centralizable endofunctor of a left autonomous category C 
and let {ZT,d) be its centralizer. We have: 

(a) // T is comonoidal, then Zt is a monad on C, with product m : Z^ Zt 
and unit u : Ic — > Zt defined by: 

(idT»2 (g) m)9^ = (r2 ® idzT)f^ic,® "^"^ u — (Tq ^ idzT)dic,i- 

(b) // (T, /i, rj) is a monad, then Zt is comonoidal, with comonoidal structure 
defined by: 

(idr iZT)2)d(S)Ac = (m ® id^s>2){dic^T ® idzT)(idi(, d); 

(idT «> (2't)o)5i4c = V- 

(c) If T is a bimonad, then Zt is a bimonad on C, with the monad structure 
of Part (a) and the comonoidal structure of Part (b). 

(d) If C is autonomous, T is a bimonad, and T has a right antipode s'', then 
the bimonad Zt has a left antipode defined by: 

(idT ® S')dvz^,i, = ''((s'^ ® idz^)9lc,Tv). 
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T(Yi) T{Y2) Zt{X) T(Yi) T{Y2) ZriX) Zt{X) 




X li Y2 X Y1SY2 X 

T(Y) Z-AXi) Zr{X2) T(Y) Z-AX^) Zr{X2) T{Y) T(Y) 




Y ^ZriX) Y Zr(X)-^ Y ZriX)" Y 



Figure 1 . Structural morphisms of Zt 



(e) If C is autonomous, T is a bimonad, and T has a left antipode s', then the 
bimonad Zt has a right antipode defined by: 



, V 



(idT «) 5"^)9zv,ic = ((s' ® idz^)di^,-T) ■ 

In particular if C is autonomous and T is a Hopf monad, then Zt is a Hopf monad. 

Remark 5.7. The centralizer construction T ^ Zt is functorial, contravariant 
in T. More precisely, let C be a left autonomous category and T, T' be two cen- 
tralizable endofunctors of C, with centralizers (ZtjO) and {ZT',d') respectively. 
Then, for each natural transformation f : T ^ T', there exists a unique natural 
transformation Zf : Zt' Zt such that: 

{idT'^Zf)d' = (/®idz^)9. 

We have: Zfg = ZgZf and Zi^j, — id^^. Moreover, if / is comonoidal, then Zf is a 
morphism of monads. If / if a morphism of monads, then Zf is comonoidal. Thus, 
if / is a morphism of bimonads or Hopf monads, so is Zf. 

Remark 5.8. Let T be a centralizable Hopf monad on an autonomous category C, 
with centralizer (ZttO). Set: 



Zt{X) T{Y) 

r?7 




Y(g)X ^ Zt{X)®T{Y), 



and Zto [ZtT ■ Then (Zto,^') is a centrahzer of T° in C®°p. Moreover, 
Zt° = {Zt)° as Hopf monads when Zt and Zt° are equipped with the Hopf monad 



structure of Theorem In the language of Remark 5.1, 'left centralizability' and 
'right centralizability' are equivalent for a Hopf monad T, and a 'left-handed' cen- 
tralizer Z^ = {Zto)° can be identified with a 'right-handed' centralizer Zt in a 
manner preserving the Hopf monad structures. 
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Proof of Theorem 5.t. To simplify notations, set Z = Zt- Let us prove Part (a). 
By definition of the product m and unit m of Z, we liave: 

(idT»3 (g) mZ{m))d^ = {T2 ® idr ® m)dl^^^ j^^ 

= ((r2®idT)T2®idz)9lc,®. 

= ((idT®T2)T2®idz)9ic,». 
= (idT®T2 0m)a2^^^^^^ 
= (idT»3 ® m7nz)d^ . 



Therefore mZ{m) = mmz by the uniqueness assertion of Lemma 5.4. Likewise, 
since: 

(idr ® mZ{u))d = {idx ® m)dz,ic ® i^i^) 
= (ro(g)idT®m)a?^_j_i^ 
= ((To(8)idT)r2(l,-)cg)idz)5 
= (idr ® idz)9 

and 

(idr (gi muz)d = (idr ® To (g) m)9i^ ^ 

= ((idT«)ro)r2(-,i)«)idz)a 

= (idr ® '^^Az)^, 

we get mZ{u) = idz = rnuz- Hence {Z,m,u) is a monad on C. 

Let us prove Part (b). By definition of the natural transformation Z2, we have: 

(idT ® (idz ® 2'2)Z2)9®3,ic 

= i^J-T{fi) (g) idz8>3)(aT2,i£, g) idz®2)(idi(, g) 9t,1c ® idz) (id® g) 9) 
= (^/iT g) idz®3)(9T2 1^ g) idz®2)(idic g) 9t,1c ® idz) (id® g) 9) 
= (idT «> (^2 ® idz)Z2)a®3,ic, 



and so (idz g" ^2)-^2 = (^2 g5 idz)^2 by Lemma |5.4 Likewise, since: 

(idr g) (idz g) Zo)Z2(-, l))a = (^ g) idz g) ^o)(9ic,t g) idz(i))(idic ® 9i,ic) 
= (m g) idz)9ic,T(idic g) ??) = (AiT(r?) g) idz)^ = d 

and 

(idr g) (^0 ® idz)Z2(l, -))a = (^ g) Zq g) idz)(9i,T gi idz)9 

= (wt g) idz)9 = d, 

we get: (idz "g Zo)Z2{lc, 1) = idz = (-^o ^ idz)Z2(l, Ic). Hence Z is a comonoidal 
functor. 

Let us prove Part (c). We have to show that m and u are comonoidal morphisms. 
Since /i and rj are comonoidal, we have: 

(idT®2 (g Z2m)i9| = (r2^ g) id^»2)(aic,T ® idz)(idic g" 9) 

= ((^(gAi)r2r(r2)(gidz«2)(ai,,T®idz)(idic 9) 
= (idT»2 g) (m (g m)Z2Z(Z2))(9|_i^^i^ 

and (idTSj2 g) Zomi)9| = T2r] = ryg)/; = (idT»2 g) ZoZ(Zo))9^ . Therefore 
Z2m = (to g) ra)Z2Z(Z2) and Zi^ra^ = ZqZ(Zq) by Lemma 5.4, that is, to is 
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comonoidal. Moreover, 



Z2U = {To ® ^2)%,! = {Tofii ® idzoOt^icici 



{ToT{To)^idzm)& 



'lc,lc,l 



and Zqu^ = (Tq Zo)dt.t = Toyyi = idi. Hence u is comonoidal. 

Parts (d) and (e) can be proved in a similar way, but we will rather deduce them 
in Section fc.Sl from the next Theorem 5.12. □ 



5.5. Categorical center relative to a Hopf monad. Let T be a comonoidal 
endofunctor of a monoidal category C. The center of C relative to T, or shortly the 
T -center ofC, is the category Zt{C) defined as follows: objects are pairs (M, cr), 



where M is an object of C and cr: M (g) Ic 
such that: 



T (3 M is a natural transformation, 



T{Y) T(Z) M 

\ L 



T2{Y,Z) 



T(Y) T{Z] M 

J L 



7 V 

M Y ®Z 



aY 

1 — [ 



and 



To 



that is, 



{T2{Y, Z) (g> idM)crY<g,z = (idT(y) ® o-z)i(7Y ® idz) for aU Y, Z e Ob(C); 
(To <^ idM)(^i = idAf- 
A morphism /: (Af, cr) (Af, cr') is a morphism f : M M' in C such that: 

(idT(l') ® /)cry = CTy(/ ® idy) 

for every object "K of C. The composition and identities are inherited from C. 
Let Ut ■ Zt{C) ^ C be the forgetful functor defined by: 

Ut{M, a) = M and UtU) = f- 

If C is autonomous and T is a Hopf monad, then Zt{C) is autonomous. More 
precisely: 

Proposition 5.9. Let {T,fj,,ri) be a bimonad on a monoidal category C. Then 
Zt{C) is monoidal, with unit object (1,?7) and monoidal product: 

{M,a) ® {N,^) ^ {M ® N,p) where p = (/x (g) idAf«,7v)(crT ® idAr)(idAf 7), 

and the forgetful functor Ut'- Zt{C) C is strict monoidal. Now assume C is 
autonomous. If T has a right antipode , then Zt(C) is left autonomous with left 
duals given by '^{M,a) — (^Af, cr'), where: 

= ^((sy ® id Af )crT(y)^ )• 

If T has a left antipode s', then the category Zt{C) is right autonomous with right 
duals given by (A/, cr) = (Af^,cr''), where: 

f^Y = ((sy «'idAf)crvT(Y))^- 
In particular, if T is a Hopf monad, then the category Zt{C) is autonomous. 
We leave the proof to the reader. Pictorially, the morphisms p, ct', cr'" of Propo- 



sition 



5.£ are: 
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r(i') M N 

_L 

IJ.Y 

E 



aT(Y) 



lY 



T(Y) '^M 



T{Y) 




and 




A 




Remark 5.10. If C is an autono mous category, then Zi^(C) coincides with the 
usual center Z{C) of C (see Section I.IC ). 



Remark 5.11. The definition of the category Zt{C) is not left/right symmetric. 
One may also consider the category -Z^(C) = Z^o (C®°p)®°p, whose objects are 
pairs (M, a), where M is an object of C and a: Ic ® M M ^ T is a natural 
transformation satisfying the obvious conditions. If C is autonomous and T is a 
Hopf monad, then the category Z^{C) is autonomous and isomorphic to Zt{C) via 
the strict monoidal functor Zt{C) Z^{C) defined by {M,a) i-^ {M,a'), where: 

a'y = (evy(idy ® Sy) idjv/,8r(y))(idY •S) crT{Yy ® idT(Y))(idi'®Af ^ c'oevT(Y)). 

In particular Z[ (C) — Z'{C), see Remark 1.2. 



5.6. Monadicity of centers. In this section, we show that the center relative to 
a centralizable Hopf monad is monoidally equivalent to the category of modules of 
a its centralizer. 

Theorem 5.12. Let T be a centralizable comonoidal endofunctor of a left au- 
tonomous category C, with centralizer {ZT,d). The functor E: Zt-C — > Zt{C), 
defined by: 

E{M,r)^{M,{idT®r)dM,ic) ^rid E{f) = f, 
is an isomorphism of categories such that the following triangle commutes: 



Zt-C ■ 



Zt{C) 



O 

' C' 



Ut 



Furthermore, if T is a bimonad, so that Zt is a bimonad and Zt{C) is monoidal, 
then E is strict monoidal (and so IAtE = Uzt monoidal functors). 



We prove Theorem 5.12| in Section 5.7 



Remark 5.13. The functor J^t — EFz^ : C — > -Z'r(C) is left adjoint to Ut and the 
adjunction {!Ft,Ut) is monadic with monad Zt (see Remark 3.1 ). If T is a bimonad, 
this adjunction is monoidal and Zt is its associated bimonad (see Theorem 3.2). 



A monoidal category C is said to be centralizable if its identity endofunctor Ic 
is centralizable. In such case, the centralizer of Ic is called the centralizer of C In 



view of Remark 5.10, we have: 



Corollary 5.14. Let C be a centralizable autonomous category, with centralizer 
{Z,d). Then the forgetful functor U : Z(C) C is monadic with monad Z. In fact 
Z is a Hopf monad and the functor Z-C ^ Z{C), defined by: 

(A/, r) ^ (M, (idi, r)dMM ) and f ^ /, 

is a strict monoidal isomorphism of categories. 



Remark 5.15. The monadicity assertion of Corollary 5.14 is a consequence of [ DS07 
Theorem 4.31. 
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Remark 5.16. We will see in Section 6.2 that R ~ (M(g)id)9 is an R-matrix for Z 
(where u denotes the unit of Z), making the isomorphism of Corollary 5.14 an 
isomorphism of braided categories. 

5.7. Proof of Theorem ^.12 . Throughout this section, let T be a centralizable 
endofunctor of a left autonomous category C, with centralizer {Zj',d). Recall Zt 
is a monad by Theorem |5.6| (a). Denote m and u its product and unit. 

Remark first that, by Lemma 5.4, for any object M of C, we have a bijection: 

Homc(ZT(M),M) HOM(M(g) lc,T(g.M) 

r Cr{M,r) = {{idT(Y)<S)r)dM,Y}YeOh{C) 

Lemma 5.17. Let AI be an object of C and r: Zt{M) — > M be a morphism in C. 
Then (Af , r) is a Zt- module if and only if {M,a(^M.r)) is an object of Zt{C). 

Proof. By definition of the multiplication m of Zt, we have: 

{T2 ® idM)(cr(M,r))<8. = {T2 ® r)dM,0 = (idT»2 <S) rmM)dli j^^ i^. 
Moreover: 

(idT «> cr(M,r)){<^iALr) ® idle) = (idT«2 (g) rZT(r))9^f4c,ic- 

Therefore, by Lemma |5!J, {T2 ® idM)(cr(M,r))«i = (idr <y (m ,r)){<^ [m ,r) ® idle) if 
and only lirniM = rZT{r). Also, since {Tq ®'v^M){(y (m ,r))i — {To®r)dM,i = ruM, 
we have (To idM)(o'(M,r))i = idA/ if and only if ruM = idA/. □ 

Lemma 5.18. Let (M,r) and {N,s) be two Zt- modules. Let f : M N be a 
morphism in C. Then f is Zt - linear if and only if it is a morphism from (Af, (7(^M,r)) 
to (7V,cr(jv,s)) in Zt{C). 

Proof. We have: (id^ ® f)<^(M,r) = (idr ® fr)dM,ic ^^^d 

o'(A',s)(/®idT) = (idr s)(97v,ic(/ ® idle) = (idr «> sZt(/))9a./,ic . 

'^(N,s) if ® idr) if and only 
□ 



Therefore, by Lemma 5.4, we obtain: (idr ^ f)<y{M \ 
iffr = sZTif). 



Using Lemmas 3.17 and p.lq , one sees that the functor E: Zt-C Zt{C), 
given by E{M,r) = {M, a(M,r)) and E{f) = /, is a well-defined isomorphism of 
categories. Furthermore it clearly satisfies UtE = Uz^- 

Assume now that (T, /x, 77) is a bimonad. Then Zt is a bimonad by Theo- 
rem ^.6K c) and the category Zt{C) is monoidal by Proposition 5_^, Since, for 
all Zt- modules (Af, r) and (N,s), we have: 



E{M,r)(g)E{N,s) 



{M,a(M,r)) ® iN,cr(N,s)) 
(M N,{fi(»r s) {dM,T ' 



'id 



ZT(Af))(idAf ®dN^ic)) 



= {M(E)N, (idT <E>{r® s){ZT)2{M,N))dM®N,ic) 
= E{{M,r)(S){N,s)) 

and £^(1, (Zt)o) = (l, (idT® (•Zt)o)9i,i<.) — (1, 77), the functor ii^ is strict monoidal. 
Finally, we have: UtE — Uzt as monoidal functors because the forgetful functors 
Uzt ■ Zt-C — !■ C and Ut- Zt{C) — > C are strict monoidal. 



5.8. End of proof of Theorem 5.6. Let us prove Part (d) of Theorem 5.6. Let 
(T, /z, 77) be a centralizable bimonad on an autonomous category C, with centralizer 
(Zt,5). By Theorem |j|(c), Zt is a bimonad. By Theorem p3.12| , the functor 
E: Zt-C^ Zt[C), defined by: 

S(A/,r) = (Af,(idT®r)9M,ic) and E{f) = f, 
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is a strict monoidal isomorphism. Assume T admits a right antipode . Then the 



category Zt{C) is left autonomous by Proposition Hence the category Zt-C is 
left autonomous, and so Zt admits a left antipode by Theorem 2.7(b). Denote m 
the product of Zt, u its unit, and its right antipode. Let X be an object of C. 
In the category Zt-C, we have a duality: 

{^{ZT{X),mx), {ZT{X),mx),ey ZT(X),coe-v Zt(X)) , 

where ^(Zt(^), mjc) — {^ZT{X),S^^^^^-^ZTQ'mT))- Hence, being strict monoidal, 
a duality in the category Zt{C): 

{E(^{ZT{X),mx)),E{ZT{X), mx),ev ZT.^x),coeY Zt{x)) , 

where i;(^(ZT(X),mx)) - (^Zt(X), (idT®^lj^(;,)ZT(^mT))9v2,(x)a,). Now, by 



Proposition 5.9, we also have the following duality in Zt{C): 

(^EiZTiX), mx),E{ZT{X),mx), ZT{x),coew Zt{X)) 

where ^E{ZT{X),mx) =(^Zt{X),^{{s'^ ® mx)dzT(X).T'-j)) ■ Hence, by uniqueness 
of duals up to unique isomorphism: 

{\dT ® SzT{x)ZTCm,T))d^ZT(x)Ac = ^((s'' ® "1x)9zt(x),tv) • 

Composing on the left with (idy ® ^ux) — '^{ux ® idr^), we get: 

(idT ® S^x)d-ZT{x},ic ^ ® idzT(x))c'x,Tv), 



which is the defining relation of Theorem p.6K d). Hence Part (d) of Theorem b.t. 
Part (e) can be shown similarly. 

6. The double of a Hopf monad 

Given a centralizable Hopf monad T on an autonomous category C, we construct 
the canonical distributive law f2 of T over its centralizer Zt, which serves two 
purposes. Firstly ft gives rise to a new Hopf monad Dt = Zt oq T, called the 
double of T. The double Dt is actually quasitriangular and Z[T-C) ~ Dt-C as 



braided categories, see Section 6.2. Secondly defines a lift of the Hopf monad 
Zt to a Hopf monad Z^ on T-C, which turns out to be the centralizer of the 



category T-C, and so Z^{1,Tq) is the coend of T-C, see Section 6.3. 

Most of the results of this section are special cases of results of Section ^ We 
state them here for convenience. 

6.1. The canonical distributive law. Let T be a centralizable Hopf monad on 
an autonomous category C and {Zt, d) be its centralizer. 

Recall (see Proposition U) that Zt{X) = j^^^ '^T{Y)®X®Y, with universal 
dinatural transformation: 

ix.Y = (coevT(y) ® idz^(x))(idvT(x) ® dx.y), 

which is natural in X and dinatural in Y. Since T{i) is a universal dinatural trans- 
formation (see Section [3^ ), we can define a natural transformation fl : TZt ZtT 
by: 

^xT{ix,Y) = iT{X),TiY)Cf^YST{Y}TCfJ.Y) <E) idT(X)^T{Y))T3CT{Y), X, Y) , 

where fj, and s' are the product and left antipode of T and T3 : Tcg)3 T"^^ is 



defined as in Section 1.5 



Theorem 6.1. The natural transformation fl: TZt ^ ZtT is an invertible co- 
monoidal distributive law. 
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We call n the canonical distributive law ofT. We prove Theorem S.l in Sec 



tion 7.4 



The inverse ^ : ZtT TZt of the distributive law fl is the natural transfor- 
mation defined by: 

^x^^T{x).Y = (evT(y)(idvT(y) ® ^iyT{^iy)) ®T{ix,T{Y)) (X'evy(sy ®idy)) 
o T3(T2(r), ^T2(y) ®X® r(y), ''T(r))T(coevT2(y) ® Id^ ® coevT(y)). 

Remark 6.2. The canonical distributive law of T is the only natural transforma- 
tion r2 : TZt ZtT satisfying: 

{^l ® n)T2T{d) ^{^i(g) idz^T)dT.TT2. 

Remark 6.3. One can show that R-matrices for T correspond bijectively with 
morphisms of Hopf monads /: Zt — > T satisfying fJ-T{f) = I^-Zt^- The R-matrix 
associated with such a morphism f is R~ (idr ^ f)d. 

6.2. The double of a Hopf monad. Let T be a centralizable Hopf monad on 
an autonomous category C, with centralizer (ZT,d). Let f2: TZt ZtT be the 



canonical distributive law of T. By Corollary 4.11 , 

Dt = Zt On T, 

is a Hopf monad on C. Denote rj and u the units of T and Zt respectively. 

Theorem 6.4. The natural transformation R = {Rx,Y}x,Y£Oh(c)7 defined by: 

Rx,Y = {ut{y) ® ZTirix))dx,Y : X ®Y ^ Dt{Y)® Dt{X), 

is K-matrix for the Hopf monad Dt- 

The quasitriangular Hopf monad Dt is called the double ofT. This terminology 
is justified by the fact that the braided categories Z{T- C) and Dt- C coincide. More 
precisely, let U: Z{T-C) ^ C be the strict monoidal forgetful functor defined by: 

U{{M,r),a)^M and U{f) = f. 

Let /: Dt-C Z{T-C) be the functor defined by /(/) = / and: 

I{M, r) = ((M, ruT(M)), cr) with a^x^s) = (s ® rZT{r]M))dM,N ■ 

Theorem 6.5. The functor I is a strict monoidal isomorphism of braided categories 
such that the following triangle of monoidal functors commutes: 

Dt-C ^-^Z(T-C) 

C 



We prove Theorems 6.4 and 3.5 in Section |7 



Remark 6.6. The functor T = IFdt ■ C Z{T-C) is left adjoint to U and the 
adjunction {J-,U) is monadic with monad Dt (see Remark ^.l[) . Moreo ver Dt is 



the Hopf monad associated with this monoidal adjunction (see Theorem 3.2 ) 



Remark 6.7. According to Remark 5.1, the construction of the double of a Hopf 



monad T admits a 'right-handed' version: if Zip is a 'right-handed' centralizer of T, 
there exists a 'right-handed' canonical law Q.' of T over Zip, and hence a Hopf 
monad Dp = Zip oqi T endowed with an R-matrix R' such that D!p-C ~ Z'{T-C) 



as braided category. If we identify Zip to Zt as in Remark 5.8, then il' = fl, 
Dip = Dt as Hopf monads, and R' — R*^^. 
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Remark 6.8. Let T be a centralizable Hopf monad on an autonomous category C 
and {Zt, d) be its centralizer. Denote rj and u the units of T and Zt respectively. 
Assuming ut ■ T — > ZtT is a monomorphism, one can show that the canonical 
distributive law of T is the only comonoidal distributive law f2 : TZt — > ZtT such 
that: 

is an R-matrix for the Hopf monad Zt on T. This generalizes Drinfeld's original 
characterization of the double of a finite-dimensional Hopf algebra. 

6.3. The centralizer and the coend of a category of modules. Let T be 

a centralizable Hopf monad on an autonomous category C. Let {Zt, d) be the 
centralizer of T and 17 : TZt ZtT be the canonical distributive law of T. By 
Corollary 4.11, Z^ is Hopf monad which is a lift of the Hopf monad Zt to T-C. 
Recall: 

Z^{M, r) = {ZTiM),ZTir)nM) and = Zt(/). 

For any T-modules (M, r) and {N,s), set: 

d{M,r)^{N^s) = {s® idz^(M))dALN : (M, r) {N, s) {N, s) Z^{M, r). 

Theorem 6.9. The pair {Z^, d) is a centralizer of the category T-C. 



We prove Theorem 6.9 in Section 7.6. 
Recall that: 

rYec 



with universal dinatural transformation iy = (cvt^^y) ® idzj.{i))dt^Y ■ Denote a = 
ZTiTo)Qt the T- action of Z^{1,Tq). It is characterized by: 

aTiiy) = iT(Y)Ct^Ysir(^Y)TCl^Y)(E>idT(Y))T2CT{Y),Y). 

By Theorem |6j and Proposition U, Z^{1, Tq) = {Zt{1), a) is the coend of T-C, 
that is: 

AM,r)eT-C 

(ZT(l),a) = J ^{M,r)®{M,r), 

with universal dinatural transformation i(M,r) = iMi^f ® M). 

The coend (Zt(1),q;) of T-C is a coalgebra in T-C, with coproduct and counit 
given by: 

A = {ZT)2it,l): Zt{1) ^ ZtW ZtW and e = (Zt)o : ^t(I) ^ 1- 

Assume now that T is furthermore quasitriangular, with R-matrix R, so that the au- 
tonomous category T-C is braided. Then the coalgebra a), A, e) becomes 
a Hopf algebra in T-C endowed with a self-dual Hopf pairing (see Section ^.31 ). Its 
unit is: 

u = (To ® idz^(i))ai,i : 1 ^ Zt(1). 
Its product TO, antipode S, and Hopf pairing uj are given in Figure 0. 



Remark 6.10. In Section 9.3, we treat the case of the centralizer of a fusion 
category T (which is a quasitriangular Hopf monad by Theorem 3.5) to get a 
convenient description of the coend of Z{J-\ 
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m{ix ® iy) = 





Zt{1) 
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'^T{X) X "-"TiY) Y 
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MX 






\ 








Rtc^t(y)),t(x) 




1 








R 


x/r(y) 





Figure 2 . Hopf algebra structure of the coend of T- C 



7. The centralizer of a Hope monad on a category of modules 

In this section, we study the centralizer of a Hopf monad Q on the category T-C 
of modules over a Hopf monad T on an autonomous category C. We show that it is 
centralizable whenever the cross product Q x T is centralizable. In that case, the 
centralizer of Q xi T lifts naturally to a centralizer of Q, which turns out to be also 
a lift of Hopf monads. Hence a canonical distributive law of T over Zq-^t and a 
Hopf monad Dq t — Zqs^t °q T on C. We interpret the category of Dq t modules 
as the center of T-C relative to Q. 

7.1. Centralizability on categories of modules. In this section, given a Hopf 
monad T on an autonomous category C, we give a criterion for an endofunctor Q 
of T- C to be centralizable in terms of the centralizability of the cross product Qy^T 



on C (see Section 3.7 for the definition of cross-products). 



Proposition 7.1. Let T be a Hopf monad on an autonomous category C and let Q 
be a endofunctor of T-C. Let (Af, r) be a T- module. Then: 

(a) The endofunctor Q is centralizable at (M, r) if and only if Q T is cen- 
tralizable at UT{M,r) = M. 

(b) Assume Q xT is centralizable at M , with centralizer (Z, 5). Then Q admits 
a unique centralizer {Z , 5) at {M, r) such that: 

Ut{Z) — Z and (5(jv,s) = 'X' idz)^Ar 

for any T- module {N, s). 

Remark 7.2. In the second formula of Proposition ^!J(b), Q{s) makes sense be- 
cause s: (T{N), fij^) {N,s) is a morphism in T-C. This formula can be written: 

5={Q{e)®idz)S 

where £ denotes the counit of the adjunction {Ut, Ft). 
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Proof of Proposition 7.1. Let us prove Part (a). Fix a T- module (M, r). By Propo- 
sition 



5.2, Q is centralizable at {M,r) if and only if the coend: 



{N,s)eT-C 

^g(iV,s)®(Af,r)®(iV,s) 

exists. Since the functor Ut creates and preserves coends (see Section |3J| ) and is 
strict monoidal, this is equivalent to the existence of the coend: 

UtCQ{N, s) ® (M, r) ® {N, s)) = / ""UrQiN, s) (g, M (g> Ut{N, s). 

By Lemma this is equivalent to the existence of the coend: 

Yec pYec 
''UtQFt{Y) ®M®Y ^ rQ>i T{Y) ®M®Y, 



and so, by Proposition 5.3, to the fact that Q xi T is centralizable at M. 



Let us prove Part (b). By Proposition 5.3, we have 



Z = J^'Qxi T{Y) ®M®Y, 
with universal dinatural transformation iy — iGVQy,T(Y) ® idz)(idvQ>^7^(y) ® Sy). 



By Lemma B.J, we have also: 



n(7V,s)eT-C 

Z= I "'UtQ{N,s)®M®Ut{N,s). 



with universal dinatural transformation j(N.s) — iNi^UxQis) ® ^(\-m^n)- Set: 

~hN,s) = (idQ(jv,s) ® i(Af,s))(coevQ(jv,s) "^idAf)- 
By Proposition 3.9, there exists a unique T- action a: T{Z) —>■ Z such that j(jv.s). 



or equivalently ^(Ar.s), is T- linear for all T- modules {N,s). Furthermore we have: 



r(N.s)eT-C 

(Z, a) = I ^Q(iV, s) ® (Af, r) ® {N, s) 



with universal dinatural transformation j. Set Z = (Z,a). By Proposition 5.3 , 
{Z,S) is a centralizer of Q at (Af, r). By construction, we have Ut{Z) = Z and 
S{N.s) = {UtQ{s) ® idz)5N for every T- module (TV, s). Furthermore, since a is the 
only action of T on Z = Ut{Z) such that every 5(^n.s) is T- linear, (Z, 5) is the only 
centralizer of Q at (A/, r) satisfying the conditions of Part (b) . □ 



Applying Lemma 5.2 and Proposition 7.1(a), we deduce immediately 



Corollary 7.3. Let T be a Hopf monad on an autonomous category C and let Q 
be an endofunctor ofT-C. Then Q is centralizable if and only if for any T -module 
{M,r), the endofunctor Q yiT of C is centralizable at M. 

7.2. Lifting centralizers. In this section, given a centralizable Hopf monad T on 
an autonomous category C and an endofunctor Q of T-C, we show that a centralizer 
olQ yiT lifts uniquely to a centralizer of Q. Furthermore, if Q is comonoidal (resp. 
a bimonad), then it is also a lift as a monad (resp. a bimonad). 

Theorem 7.4. Let T be a Hopf monad on an autonomous category C and let Q be 
an endofunctor ofT-C. Assume QyiT is centralizable, with centralizer {Zq-^TiQ). 
Then: 
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(a) The centralizer of Q yiT lifts uniquely to a centralizer of Q. More precisely, 
Q admits a unique centralizer {Zq^d) such that UtZq = Zq-^tUt and: 

for all T- modules (M, r) and {N, s). 

(b) If Q is comonoidal, the monad Zq is a lift of the monad Zq^^t to T-C. 

(c) If Q is a bimonad, the bimonad Zq is a lift of the bimonad Zq^^t to T-C. 

Proof. Part (a) is a direct consequence of Lemma |5.2| and Proposition [7. 1K b) . Let 
(Zq, d) be the centralizer of Q given by Part (a). 

Assume Q is comonoidal. Then Q x T is comonoidal by Section 3.7. Therefore 
both Zq and Zqxt are monads by Theorem ^.6| (a). Denote rj and e the unit and 
counit of the adjunction {Ut,Ft). By Part (a), we have: 

Urid) = {UrQie) <»idzQ^TUT)^UT,UT■ 
Tiy definition of the product rh of Zq , we have: 

Hence, we get: 

Composing on the right with (idt/^ (S) rj (g) rj) and then using the expression of the 
comonoidal structure of Q x T (see Section |3.7| ) and the identity £^^^7^(77) = idF^, 
we obtain: 

(id(QxT)»2 ® t/T('7i))9^^,i^jc = {{Q X T)2(gidzQ^j.uT)duT,<8 

and so, by definition of the product m of Zq-^t, we have: UT{m) = mu^. Moreover, 
denoting u and u the units of Zq and Zq^^t respectively, we have: 

Uriu) = t^T((Qo ® idzQ)9i^_c,(i,To)) 

= {Ut{Qo)UtQ{To) ® idu^ZQ)du^,i 
= {{Q X T)o (E> idzQ^TUT)c>UT.i = ^Ut- 

Hence Part (b). 

Suppose now Q is a bimonad. Then Q x T is a bi mona d (see Section |3.7| ). 
Therefore both Zq and Zqy^T are bimonads by Theorem |5.6| (c). By definition of 
the morphism {Zq)2, we have: 

(idQFr <^ (Zq)2)9«.,Ft = (qFt ^ id^g^ ) (^1t- c ^Q^t ® idzQ)(idi^_^ «) (^i^.^^.F^), 

where q is the product of Q. Thus: 

{UrQisFT) '^UT{{ZQ)2))duT<DUT,T = (C^t(9Ft'3(£qft)) 'X>id(c/TZQ)®2) 

o {duT.Q>^T ® id;7rZQ)(idt/T {UtQ{£Ft) ®''^duTZQ)duT,T)- 

Composing on the right with {idu^ ® idc/r ® v) 1 since the product of Q x T is given 
by p = UriqFTQi^QFT)): we obtain: 

(idgxiT ® C/t((Zq)2))9[/t<»(7t,1c 

= (p ® ''^di^ZQ„TUT)»^) (dur .Q»T <S) idzQ^y[/y)(id(7y (g) 9(7t,1c), 

and so, by definition of the morphism (Zqxt)2, we obtain: {UtZq)2 — {Zq^tUt)2- 
Now, by definition of the morphism (Zq)o, we have: 

(idgFT ® (^q)o)9(i,To).Ft = vft- 
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where v is the unit of Q. Applying Ut and composing with rj, we get: 
(idgxT ® ?7t((2'q)o))9i,1c = Ut{vft)v- 

Since Ut{vft)v is the unit of Q x T and by definition of the morphism (^qxit)oi we 
have: {UtZq)q = {ZQ^TUT)a- Hence UtZq = Zq-^tUt as comonoidal functors, 
and Part (c). □ 

7.3. The canonical distributive law and the double. Throughout this section, 
let T be a Hopf monad on an autonomous category C and Q be a comonoidal 
endofunctor of T-C, such that Q xi T is centralizable with centralizer (Zqx,t, d). 

By Theorem 7.4, the centralizer (2'Qx,y, d) lifts to a centralizer {Zq, d) of Q and 
the monad Zq is a lift of the monad Zqs^t to T-C. The monad: 

Dq^t ^ Zq XlT, 

is called the double of the pair {Q,T). Since lifts correspond bijectively with dis- 
tributive laws (see Theorem 4.5), there exists a unique distributive law f2 of T over 
Zq-at such that: 

— ^q-at- 

This distributive law is called the canonical distributive law of the pair {Q,T). It 
provides a description of structure of the monad Dq t'- 

Dq.t = Zq^t °n T. 

Proposition 7.5. (a) IfQ is a bimonad, then the canonical distributive law O 
is comonoidal, Dq^t is a bimonad, and Zq = Zq^j, as bimonads. 
(b) If Q is a Hopf monad, then Dq t is a Hopf monad. 



Proof. Let us prove Pa rt (a ). By Theorem 1_A, Zq is a lift of Zq^t as a bimonad. 
Therefore, by Theorem 4.7, f2 is comonoidal and Dq t is a bimonad. 

Let us prove Part (b). Since Q x T is a Hopf monad (see Section 3.7), so is ZQy^x 
(by Theorem 5.6). Therefore Dq t is a Hopf monad (by Corollary 4.11). □ 

Let U: Zq{T-C) ^ C be the functor defined as the composition of the forgetful 
functors Uq : Zq(T-C) -^T-C and Ut-T-C ~^C, that is: 

U{{M, r), a) = M and U{f) ^ f. 

Denoting 77 and u the units of T and Zq-^t, let /: Dq^t-C —> Zq{T-C) be the 
functor defined by: 

I(M,r) = {{M,ruT(M)).<j) and /(/) = /, 
where cr(jv,s) = {UtQ{s) ® rZQ-^^T{riM))dM,N ■ 

Theorem 7.6. The functor I is an isomorphism of categories such that the fol- 
lowing triangle commutes: 

Dq^t-C Zq{T-C) 

o / 



c 



Furthermore, if Q is a bimonad (so that Dq t is a bimonad and Zq{T-C) is 
monoidal) , then the functor I is strict monoidal (and so lAI — Udq t '^^ monoidal 
functors). 

Remark 7.7. The functor = IFdq t ■ C ^ Zq(T-C) is left adjoint to U and 
the adjunction {J-,U) is monadic with monad Dq t (see Remark 3.1). If Q is 
a bimona d, t his adjunction is monoidal and Dq^t is its associated bimonad (see 
Theorem IJ). 



36 



A. BRUGUIERES AND A. VIRELIZIER, 



Proof. By Section 4.3, since Dq t = Zq^^t °n T and Zq = Zg^^rp^ the functor: 

^. ( Dq,t-C Zq-{T-C) 

\ {M,r) I — > {{M,ruT{M)),rZQ^TiVM)) 

is an isomorphism of categories. By Theorem 5.12| , the functor: 

Zq-(T-C) Zq{T-C) 
((M,r),s) ^ {(M,r),(idQ®s)d(^M,r),i 



E: 



T- C > 



is an isomorphism of categories. Using Theorem |7.4| (a), one verifies that / = EL. 
Thus / is an isomorphism of categories, and it clearly satisfies UI — U pp ^ . 

Assume Q is a bimonad. Then L is strict monoidal (by Theorem |4.7D and E 
is strict monoidal (by Theorem 5.f 2| ). Hence / = EL is strict monoidal, and so 
lAI = Udq t monoidal functors (since lA and Udq t strict monoidal) . □ 

The canonical distributive law Vl can be described explicitly as follows. By 
Proposition 5^, we have: 

ZqMX)= / X r(F) X ® y, 



with universal dinatural transformation: 

ix,Y = {evQ^T(Y) ® idzQ>,r(X) ) (id vQ»,T(y) ®9x,y)- 



Recall that T{i) is a universal dinatural transformation (see Proposition 3.£). De- 
note s' the left antipode of T and e the counit of the adjunction {Ft, Ut). 

Proposition 7.8. The canonical distributive law fl of the pair {Q,T) is invertible, 
and and fl^^ are characterized as natural transformations by: 

f^xr(zx,y) -«T(x),T(Y)(Vsyr(V)®idT(x)«T(y))T3(''Q >^ T(F),X,y), 

^x^-iTix),Y = (evQx,T(y) ® T{ix,T{Y)) «) evy) (idvQ>,-r(y) Ex,y <E) idy), 

where ay = UrisQFTiY)), by = C/TQ(£_F^(y)), and: 

Ex,Y ^{ayT{bY) iS> idT(VQx,TT(Y)®X(8T(y)) "Xl Sy) 

oTsiQ >^ TT{Y)/Q TT{Y) (g) X (g>T{Y)/T{Y)) 
oT{coevQ-^TT{Y) i^idx ® coevT{Y))- 

Remark 7. 9. In the special case Q = ^t-c, we have: 1t-c >i T ^ T and so, by 
Proposition 7.8, the canonical distributive law of the pair (It-CiT) is nothing but 
the canonical law of T defined in Section |6.l| , and the double Di^_ ^,t of the pair 
{1t-c, T) coincides with the double Dt of T defined in Section 6.2. 

Proof. Note that ay and a'y — Sg^j,j^y^r(^ay) are the T- actions of QFt{Y) and 
^^QFriY) respectively. By adjunction we have: hyQ x T{rjy) — idQxiT(Y)- 

Recall that Zq^j, is the centralizer of Q, with universal dinatural transformation: 



i(M,r),(A',s) = hl,Ni^UTQ{£(N,s)) ® idj\/ ® idAr) 

In particular, given two objects X,Y of C, the morphism jFT{x).FT{Y) is T- linear, 
that is, 

ZQ>^T{tJ'X)^T{X)T{jFT(X),FT(Y)) = jFT{X),FT{Y)lX,Y, 

where: 

7x,y = {a'y(E>fix'S)fiy)T3CQ>^T{Y),T{X),T{Y)) 



THE DOUBLE OF A HOPE MONAD 



37 



is the T- action of '^QFt{Y) ® Ft{X) ® Ft{Y). Composing on the right with 
T{}d-^QyiT(Y) ^ Vx (I!) w) 7 tJ^c left-hand side becomes: 

ZQy,T(Px)^T(X)T{iT(X),T{Y)CbY ® Tjx <E) Vy)) 

= ZQ^TifJ'x)^T{x)TZQy,Tir]x)T{ix,Y) = ^xT{ix,Y), 

and the right-hand side becomes: 

iT(,xiTiY)CbYay ® fixT{r]x) ® fiYTivvWaCQ x T{Y),X, Y). 

Hence the formula for fl. 

Let : Zq-^tT TZgy^T be the natural transformation defined by: 

^x«T(x),y = (evQ>,T(y) <® T{ix,T(Y)) ® evy) (idvQ>,j,(y) ® Ex.y ® idy) 

Using the axioms of a left antipode, one shows that fi'^l = ^'^tZq^t ^''^d = 
idzQ>,TT by verifying that VL'x^xT[ix,Y) = T[ix,Y) and ^x^'xiT{x).Y = iT{x),Y- 
This is left to the reader. N ote th at when Q is a Hopf monad, the invertibility 
of Q, follows from Proposition 4.12 , since in this case both T and Zq^^t are Hopf 
monads. □ 



Remark 7.10. Let T be a Hopf monad on an autonomous category C and Q be 
a comonoidal endofunctor of T-C such that Q xi T is centralizable. Consider the 
following diagram: 

Zq-(T-C) 

w 




T-C 



where a double arrow represents the adjunction of the corresponding monad and 
the functor W is defined by W{{M, r), s) = (M, s) and W (/) = /. This diagram is 
a distributive adjoint square in the sense of Beck [Bec69| whose distributive law is 
precisely the canonical distributive law $1 of the pair (Q,T). Furthermore, since fl 
is invertible by Proposition 7.^, the monad T lifts to a monad 

ZqyiT' have an isomorphism of categories: 



on Z, 



QxT- 



Therefore, since Zq 

f^''-{ZQ^T-C) 



(T ZQy,T)-C ~ {Zqxt on T)-C ~ Zq- (T-C). 



Via this isomorphism, W is the forgetful functor Ufn-i- Hence W is monadic. 
Note that when Q is a bimonad, the four monadic adjunctions are monoidal. 



7.4. Proof of Theorem This is a direct consequence of Remark and 

Propositions 7.5 and |7.8| applied to the Hopf monad Q = 1t-c- 



7.5. Proof of Theorems |6.4| a nd |6.5| . By Theorem [7^ applied to the Hopf 
monad Q = It-c and Remark 7^9, the functor /: Dt-C Z{T-C) of Theorem |6.5| 
is a strict monoidal isomorphism of monoidal categories such that lAI = Udt- 
Now, by Remark 5.10, the category Z{T-C) is a braided category with braiding: 



Therefore, since / is a strict monoidal isomorphism, there exists a unique braiding c 



on Dt-C such that / is braided. By Theorem 2.11, c is encoded by an R-matrix R 
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for Dt- Let p and e ~ utt] be the product and unit of Dt- Then R is given by: 

Rx,Y = CFo^fx),FD^iY)i'^X ® ey) 

= TiFo^ix)JFo^(Y)i(^X ® ey) 

= {pyUDt(Y) ® PxZT{TlDT(X)))dDT(X),DT(Y){ex ® ey) 
= [pYUD^(Y)T{eY) ® PxZT[riDT{x)(ix))dx,Y 
= {pYDT{eY)uT(Y) ® PxDT{ex)ZT{rix))dx,Y 
= {ut{y) (Xi ZT{rix))dx,Y- 



This concludes the proof of Theorems 3.4 and 6.5 



7.6. Pro of o f Theorem |6.9| . This is a direct consequence of Remark 7^ and 



Theorem 



7.4 apphed to the Hopf monad Q — 1t- 



8. The double of a Hopf algebra in a braided category 

In this section, we extend several classical notions concerning a Hopf algebra 
over a field to a Hopf algebra A in a braided autonomous category B, namely: 
quasitriangularity and R-matrices and the double D{A) of A. Our approach consists 
in applying the results of previous sections to the Hopf monad 7 (S) A. 

We need to assume that B admits a coend C. Then the Hopf monad 7 (g) A is 
centralizable and its centralizer is of the form ? (g) Z{A), where Z(A) is a certain 
Hopf algebra in B called the centralizer of A. As an object of B, Z{A) = ^A (g) C. 

We then define the double of A as D{A) ^ Aig)n Z{A) = A (g) ^^4 (g) C, where Q 
is an explicit distributive law. The double D[A) is a quasitriangular Hopf algebra 
in B such that D'>^a ® D{A) (as quasitriangular Hopf monads). It satisfies: 
Z{Ba) — ^_D(A) (as braided categories). When B = vectk, we have: C = k, A is 
a finite-dimensional Hopf algebra over k, Z{A) — (A*)'^°p, and D{A) is the usual 
Drinfeld double of A. 

8.1. Hopf monads represented by Hopf algebras. Let B he a, braided au- 
tonomous category and let A be a Hopf algebra in B. A Hopf monad T on a ;B is 
said to be represented on the left (resp. on the right) by A if it is isomorphic to the 
Hopf monad A'Si7 (resp. ? (g A) defined in Example \2.4\ . 

More generally, let T be a Hopf monad on an autonomous category C. If (A, a) 
is a Hopf algebra in the center Z{C) of C, then the Hopf monad T is said to be 
represented on the left hy {A, a) if it is isomorphic to the Hopf monad A(gcr? on C 



defined in Example 2.5. Likewise, if {A, a) is a Hopf algebra in Z{C), then the Hopf 
monad T is said to be represented on the right by {A, a) if it is isomorphic to the 

Hopf monad ? (go- A on C. 

Not all Hopf monads can be so represented by Hopf algebras (see Remark |8.5| 
for an example). 

8.2. Coends as Hopf algebras. Let T be an endofunctor of an autonomous cat- 



egory C. If C admits a braiding r, then, by Proposition 5^, T is centralizable if 
and only if the coend: 

pYets 

Ct= / '^T(Y)(g,Y 



exists. Assume this is the case. By Lemma 3.8, if T is a monad, then Ct coin- 
cid es with the coend J^*^^'')^^"'^ ''UTiM, r) g) [/t(M, r) of Ut- According to Ma- 



jid |Maj95|, the (co)end of a strong monoidal functor from an autonomous category 
to a braided category is a Hopf algebra. In particular, if T is a Hopf monad and 
T a braiding on C, then C't is a Hopf algebra in C braided by t. In this section 
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we recover this structure explicitly in terms of the braiding r and the Hopf monad 
structure of T. 

Let T be an endofunctor of an autonomous category C such that the coend 

CT = f ' 

transformation of Ct , and set 



YeB Vj^j^y-) (<g,y exists. Denote iy ■ '^T{Y)^Y Ct the universal dinatural 



T{Y) Ct 
' 1 



■lY 



{iAt{y) ® iY){coeYT{Y) ® idy) : X T{Y) ® Ct, depicted 



T(Y) Ct 

V. 



If T is a monad on C, then Ct is a coalgebra in C, with coproduct A and counit e 
defined by: 

T(X) 



T{X) Ct Ct T{X) Ct Ct 



1 1 












A 






j / and 







T(X) 
1 



T 



X 



X 



where /j, and 77 are the product and unit of T. 

If T is comonoidal and t is a braiding on C, then Ct becomes an algebra in C 
with product and unit u defined by: 



T(X) T(Y) Ct 
_l_ 



T(X) T(Y) Ct 

J L 




and u = 




where tx y 



Y X 

X y 



X y 



If T is a bimonad and r a braiding on C, then (Ct, rn7 , u, A, e) is a bialgebra in 
C braided by r. Furthermore, if T is a Hopf monad, then Ct is a Hopf algebra, 
whose antipode Sr and its inverse S^^ are defined by: 



TiX) C-i 




T(X) Ct 
_1_ 



T(X) Ct 



and 



5-1 



X 



X 




We denote this Hopf algebra by C^. 



8.3. The coend of a braided autonomous category. Let B be an autonomous 
category. The coend: 

rYeB 



C = 



if it exists, is called the coend of B. 

Assume that B admits a coend C and denote by : ® F — > C its universal 
dinatural transformation. The universal coaction of C on the objects of B is the 
natural transformation S defined by: 



Y C 



Sy — (idy (g) iy)(coevy ® idy) : F ^ F (g) C, depicted (5y = | 

Y 

If B is braided, then C is a Hopf algebra in B. This well-known fact may be 
viewed as a special case of the construction of Section i.4, as is a Hopf monad 
on B and C = Cl^ where r is the braiding of B. Furthermore, the morphism 
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C (g) C ^ 1, defined by: 



X Y 



X Y 



X Y X Y 

is a Hopf pairing for C, that is, it satisfies: 

uj{m €5 idc) = ti^(idc <^ uj ^ idc)(idc»2 (g) A), 
a;(idc (g) m) = u;(idc g) w ® idc)(A ® idc®2), 



(jj(u (g) idc) 
a;(idc ® u) 



These axioms imply: u}{S (Ei idc) = '-^{^dc S'). Moreover the pairing uj satisfies 
the self-duahty condition: ujTcfi{S ® S) — to. 

In this section, the structural morphisms of C are drawn in grey and the Hopf 
pairing w. C ® C ^ 1 is depicted as: 

c c 

Remark 8.1. The category B is symmetric if and only if a; = e (g e. In particular, 
this is the case when C = 1. 

Remark 8.2. The universal coaction of the coend on itself can be expressed in 
terms of its Hopf algebra structure as follows: 

C C C C 

5c= = 

c c 

Remark 8.3. The coend of the mirror S of is the Hopf algebra C°p, with self- 
dual pairing uj^S ® idc)- 

8.4. Centralizers in braided categories. Let T be an endofunctor of a braided 
autonomous category with braiding r. Assume that the coend: 

oYeB 



Ct — 



exists. Set: 



T{Y) X Ct 
dx.Y = = ('''X,T{Y 




) ® idc^)(idx ^Sy): X (g)Y ^ T{Y) ®X®Cj 



Then (? ( 



X Y 

1 Ct, d) is a centralizer of T. Likewise, set: 

T{Y) Ct X 



a', 



X,Y 



J 




( 

X Y 



{by ® idx)Ty,x -X^Y ^ T{Y) ®Ct®X, 



Then {Ct®^ , &) is also a centralizer of T. 

Assume furthermore that T is a Hopf monad. By Section the object Ct is 
endowed with two Hopf algebra structures in B, namely: and (CJ.)°p, where r 
is the mirror of r. One verifies that the Hopf monad structure on ? Ct (resp. 
Ct®^) given by Theorem 5.6 coincides with that induced by the Hopf algebra 
(resp. (C|;)°P). Thus: 

Theorem 8.4. Let T he a Hopf monad on a braided autonomous category B, with 
braiding r. Then T is centralizable if and only if the coend: 

nYeB 



Ct 



^r(r) ® Y 
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exists. If such is the case, the centralizer of T is represented on the right by the 
Hopf algebra C'^ and on the left by the Hopf algebra (CJ)°p. 

Remark 8.5. In general, the centralizer Zt of a Hopf monad T on an autonomous 
category C is isomorphic neither to Zt(1)®? nor to ? O as an endofunctor 



of C, see Remark 9.2 for a counter-example. In particular, it cannot be represented 



on the left by a Hopf a lgeb ra of Z{C), nor on the right by a Hopf algebra of Z{C), 
in the sense of Section 

8.5. Centralizers of Hopf algebras. Let S be a braided autonomous category, 
with braiding r, admitting a coend C — J^'^^ "^Y Y. Recall that C is a Hopf 
algebra in B endowed with a Hopf pairing, and denote by S the universal coaction 
of C (see Section g.3). 

Let A be a Hopf algebra in B. Set Z{A) = ® C. Then: 

Z{A) - / ''{Y®A)® y. 



with universal dinatural transformation given by: 

C 



lY 



■ ■.''{Y®A)®Y 

We endow the object Z{A) with the Hopf algebra structure Cf^^ defined in Sec- 
tion S.2. Explicitly, the structural morphisms of Z{A) are: 

""AC ^'A C C "AC 



mz(A) 





S 



Z(A) 




"A C 



Uz(A) 



Example 8.6. Let H he a. finite-dimensional Hopf algebra over a field k. Note 
that k is the coend of the category vectjs of finite-dimensional vector spaces. Then 
the centralizer of H is Z{H) = {H*y°P. 

By Theorem |8.4 (? eg) Z{A), d) is a centralizer oil <^ A, where: 

Y A X "^A C 



and the Hopf monad structure on ? ® Z{A) given by Theorem 5.6 is that induced 
by the Hopf algebra Z{A). Hence, by Theorem ^.12 , we have: 

Z.<^a{B) ~ {l®Z{A))-B^Bzi^A) 

as monoidal categories. 

Remark 8.7. One can show that the Hopf algebra Z[A) represents on the left the 
centralizer Z^^-f of A®?, and so: 



ZA^m - {ZiAW-YB ^ ziA)B 



as monoidal categories. 
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8.6. R-matrices for Hopf algebras in braided categories. In |Dri9C|, Drinfeld 
introduced the notion of R-matrix for a Hopf algebra H over a field k. When H is 
finite-dimensional, R-matrices for H are in bijection with braidings on the category 
of finite-dimensional iJ-modules. The aim of this section is to extend the notion 
of an R-matrix to a Hopf algebra A in braided autonomous category so as to 
preserve this bijective correspondence. Note that the definition of an R-matrix 
for A as a morphism r: 1 A (g) A hy straightforward extension of Drinfeld's 
axioms (sometimes found in the literature) does not fulfil this objective. Recall that 
braidings on the autonomous category Ba = (? <Xi A)- B are encoded by R-matrices 
for the Hopf monad 1 ® A. When B admits a coend, we can encode R-matrices for 
? (g) y4 in terms of A by introducing R-matrices for A. 

Let Ahe s. Hopf algebra in a braided autonomous category B, with braiding t. 
Assume that B admits a coend C. Any R-matrix Rxy ■ X^Y^Y(E)A^X®A 
for the Hopf monad 7 ® A gives rise to a unique morphism r: C ®C A® Ain B, 
defined by: 



A A 

U 



'^X X''Y Y 




SO that: Rx • 



X X^Y Y 




Re- writing the axioms for Rx,y (see Section 2/1) in terms of r leads to the following 
definition: a K-matrix for ^ is a morphism 

r: C ® C Ac^ A 



in B, which satisfies: 

A A A A 




CCA 



CCA 



AAA AAA 





C C C C C C 
AAA 



AAA AAA 




/h ^ 

C C C C c c 



c c c 

Remark 8.8. For finite-dimensional Hopf algebras over a field k, our definition of 
an R-matrix coincides with Drinfeld's definition (as the coend of vectk is k). 

An R-matrix r for A defines an R-matr ix fo r 1 ® A (by definition) and so a 
braiding c on = (? "Xi A)- B (by Theorem 2.11 ) as: 



C{M,r),{N,s) — {s® r)RM,N 




M N 
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As braidings on aB are in bijective correspondence with braidings on Ba (see 



Remark 1.3), an R-matrix r for A defines also a braiding c' on aB as: 

N M 



-'{M,r),{N,s) 



M N 

Furthermore, the map r t— > c (resp. r i-^ c') is a bijection between R-matrices for A 
and braidings on Ba (resp. on aB). 

A quasitriangular Hopf algebra in i3 is a Hopf algebra in B endowed with an 
R-matrix. 

Remark 8.9. Let A be a quasitriangular Hopf algebr a in B. By construction, the 
monoidal isomorphism Fa '■ {aB)^°^ — > Ba of Remark 1.3 is braided. 




Remark 8.10. Let A be a quasitriangular Hopf algebra in B. Combining Re- 
mark 8.9 with Example 1.1, we obtain that aB and Ba are braided isomorphic. 



8.7. The canonical distributive law of a Hopf algebra. Let A be a Hopf alge- 
bra in a braided autonomous category B which admits a coend C. By Section j.5 , 
the ccntralizer of ? ® A is Z-?^a €5 Z{A), where Z{A) = ® C is the centralizer 
of A. It turns out that the canonical distributive law of ? (g) A over Z->(^a is of the 
form idig ft, where ft: Z{A) A A ® Z{A) is a comultiplicative distributive 



law of Z{A) over A (see Example 4.3). We have: 

A ""AC 




and 51 = 



^A C A 

We call fl the canonical distributive law of A. 




Remark 8.11. By Theorem U, ZB^(M,r) = {M ^ Z{A),{r i»idz(A)){^<iM <»^)) 
is the centralizer of the category Ba- In particular, the coend of Ba is Zba (Ij £a) = 
{Z{A),a), where: 

""A C 



(e^ ® idz(A)! 




4^ 



Z{A)®A^ Z{A). 



^A C A 

If A is quasitriangular, so that Ba is braided, then { Z{A ), a) is a Hopf algebra 
in Ba which represents Zj?^ on the right (see Theorem |8.4| ). However, in this case, 
this Hopf algebra {Z{A), a) is not in general a lift to Ba of the Hopf algebra Z{A). 

8.8. The Double of a Hopf algebra in a braided category. Let A be a Hopf 
algebra in a braided autonomous category B which admits a coend C. 

Let Z{A) be the centralizer of A (see Section 
tributive law of A (see Section 8.7). By Example 

D{A) = A ®o Z{A) = A ® M C 



4.3 



8.5) and fl be the canonical dis- 
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is a Hopf algebra in B. Since ? Cg) Z{A) is the centralizer of ? (X> A (see Section p^ ), 
the Hopf monad ? (g) is the double of ? ® A, and so admits an R-matrix by 

Theorem 6.5, which turns out to be encoded by the following R-matrix for D{A): 

A C A^A C 



C®C -^D{A)®D[A). 



I I 

c c 



The quasitriangular Hopf algebra D{A) is called the double of A. 

Remark 8.12. The canonical distributive law of A is the unique comultiplicative 
distributive law f2 of Z(A) over A such that the morphism r above is an R-matrix 
for A Z{A), see Remark |6.8[ 

Theorem 8.13. Let A be a Hopf algebra in a braided autonomous category B admit- 
ting a coend C and D{A) = A(E)n Z{A) be the double of A. We have isomorphisms 
of braided categories: 

Z'{aB)~ZUB). 



Z{B, 



Br 



^B: 



^D(A) — D{A) 

Proof. By construction, the quasitriangular Hopf monad ? D{A) is the double 
oi ? ® A. Hence the first braided isomorphism by Theorem 6.5. By Remark 8.1C, 
D(^A)^ — ^D(A) as braided categories since D{A) is quasitriangular. Finally, we 
have the following isomorphisms of braided categories: 

Z{Ba)^ Z{Ba)®°^ by Remark [O 

S)op 



z{BAr°^ 

Z{{aB)®°' 
Z'{aB)-ZUB) 



by Remark B.9 



by Remark 1.2 



This completes the proof of the theorem. 



□ 



Remark 8.14. When B ~ vectk is the category of finite-dimensional vector spaces 
over a field k, we recover the usual Drinfeld double and the interpretation of its 
category of modules in terms of the center. More precisely, let H he a finite- 
dimensional Hopf algebra over k and (ej) be a basis of H with dual basis (e*). 
Then D{H) = (g) is a quasitriangular Hopf algebra over k, with R-matrix 

r = Ci e ® (g) e^, such that: 



Z((vectk)_H) ^ ivectk)D{H} - D(if)('^ectiic) ~ (vectk)) ~ Z(^(vectk)) 
as braided categories. 

Remark 8.15. By Remark |4.2| , fl^^ is a distributive law of Z{A) over A and 
induces an isomorphism of Hopf algebras: 

D{A) = A ®o Z{A) ^ Z{A) A. 

Via this isomorphism, the R-matrix r of D{A) is sent to the R-matrix: 

'■^A C A '^A C A 



? 



i 



C ® C ^ {Z{A) A) ® {Z{A) A) 



c c 



of Z{A) A. 

Remark 8.16. Let B a braided autonomous category which admits a coend C. 
Then D{1) = C as a Hopf algebra. Hence C is quasitriangular, with R-matrix 
r = ucSc (X" idc, and Z{B) Be — — Z{B) as braided categories. In other 
words, the center of B is sclf-mirror and is the category of C- modules in B. 
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9. HOPF MONADS AND FUSION CATEGORIES 

In this section, given a k-linear Hopf monad T of a fusion category J- ^ we describe 
explicitly the centralizer of T and the canonical distributive law of T. Hence, in 
particular, a description of the coend of Z(T\ which is used i n pV09 to show 



that the center of a spherical fusion category is modular and in | BV08 ] to provide 
an algorithm for computing the Reshetikhin-Turaev invariant z{t) in terms of C 
itself. 

9.1. Fusion categories. A fusion category over a commutative ring k is a k-linear 
autonomous category whose monoidal product ® is k-linear in each variable, 
endowed with a finite family {Vi}i£i of objects of J- satisfying: 

• Rom jr{Vi,Vj) — 6ij k for all i,j e /; 

• each object of ^ is a finite direct sum of objects of {T^jig/; 

• 1 is isomorphic to Vq for some G /. 

Let JF be a fusion category. The family {Vi}i^i is a representative family of scalar 
objects of T (an object X of k-linear category is said to be scalar if End(X) = k). 
The Hom spaces in J- are free k-modules of finite rank. The multiplicity of i G J 
in an object X of JF is defined as: 

Nx = rankk llomjr{Vi,X) = rank^ Hom^(X, Vi). 

For each object X of JT, we choose families of morphisms (p^" : X ^i)i<a<Af3^ 
and (g^" : Vi -'^)i<Q<Ar3, such that: 

lAx =2^ 1x Px px qx = da, 13 idvi- 

l<a<N'x 

9.2. Centralizers in fusion categories. Let .7^ be a fusion category over a com- 
mutative ring k and T be a k-linear cndofunctor T of !F. Then T is centralizable, 
with centralizer {Zt, d) given by: 



Zt{X)=^''T{V,)^X®V 

and 



iei 



dx.Y = ^ {T{qY°') idvT(u,)«.x ® Py") {coevT(Vi) ® id 



E 

iei 

l<a<Nl 



X(^Y 



In particular, a fusion category is centralizable, with centralizer Z = Z\^ given by: 

z(x) = 0V, 



iei 



Remark 9.1. By Corollary 5.14, the centralizer Z oi T provides in particular a 



left adjoint Fz to the forgetful functor 11: Z{!F) cri Z- T ^ T , which is called the 



induction functor in [ENO05|. 



Remark 9.2. In general, the centralizer Z oi is not isomorphic (as an endofunc- 
tor of T) to Z{1)®1 nor to ? (8) Z{1), as shown by the following counter-example. 
Let G be a non-commutative finite group and let T be the fusion category of finite- 
dimensional G- graded vector spaces over a field k. The elements of G form a 
representative set of scalar objects of !F. Then Z{x) = @g^Qg~^xg for x € G. In 
particular Z{1) = 1**^. Now, if a; G G is not central, Z{x) is not isomorphic to 
Z{1) (g) a; ~ x*^ ~ a; ® Z{1). 
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{Zt)2{X,Y)= J2 



i,k£l 
1<Q<7V, 




T" 

'"TiVi) V, 



T(Vi) X 



E 



l<a<Nt.^ 



Ux 



-| r 

''T(V,) "TiVi) X V,, Vj 

'"x 



l<a<Af' ,, 




"'T(V,) "'V, '^X ''"T(V,) 




Figure 3. Structural morphisms of Zt 



Assume T is a centralizable Hopf monad. By Theorem 5.6, its centralizer Zt is 
a Hopf monad on J- and its structural morphisms can be described purely in terms 
of those of T and of the category T (that is, the p, g's and the duality morphisms). 
They are depicted in Figure ^, where fi, ry, s', (resp. to, u, S\ S^) denote the 
product, unit, left antipode, and right antipode of T (resp. Zt)- The canonical 
distributive law of T is: 



l<a<N^ 



Hence an explicit description of the double Dt = Zt 0$^ T of T and of the lift Z^ 
of Zt to T-JF. Note that the R-matrix of Dt is: 

Rx,Y = E (^^0 ® Tigy") «) idvT(i/^) (g) 77^ «> Py") (coevT(y.) «> idx®y) ■ 

l<a<Nl, 



9.3. The coend of the center of a fusion category. Let be a fusion category 
over a commutative ring k, and denote Z the centralizer of J-. Recall that Z is a 
quasitriangular Hopf monad on J- such that Z{J-) ~ Z-J-', see Section 9.2. Since 
Z is k-linear, it is centralizable. Denote Zz its centralizer and the canonical 
distributive law of Z over Zz- Then the coend of Z{T) is: 

C = Zi(l,Zo) = (Z2(l),Zz(Zo)r!i). 
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Figure 4. Structural morphisms of the coend of Z{C) 



Note that: 



Using the resuhs of Section |6.3| , one computes the Hopf algebra structure of C 
and its self-dual Hopf pairing. These are depicted in Figure ^, where we denote 
^Vi ®---®Vi^ by Aij^..._,;^ for A — p''", g*'", or TV', and the dotted hues represent 
the relevant isomorphism between 1 and Vq or its duals. 



In |BV09|, we use this explicit description of the coend of Z{T) to show that the 
center Z{J-) of a spherical fusion category T is modular. In particular, this implies 
that if ^ is a spherical fusion category of invertible dimension over an algebraic 
closed field k, then Z{J^) is a modular ribbon fusion category (this last result was 
first shown in |Mii03| using different methods). 

Also, this description of the coend of Z{T) leads to an explicit algorithm (in- 



volving Hopf diagrams |BV05|) for computing the Reshetikhin-Turaev invariants 
defined with Z{!F). Moreover, this approach allows one to define these invariants 
over an arbitrary base ring, without assumption on the dimension of T (if the di- 



mension of is not invertible, this yields 'non-semisimple' invariants). See [BV08 
for details. 
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